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Exercises

Chapter?2

2.1. We have assumed that the economy discounts s periods ahead using the geometric (or
exponential) discount factor 8° = (1+6)~° for {s =0, 1,2,...}. Suppose instead that the economy
uses the sequence of hyperbolic discount factors 8, = {1, 83, 9062, 9063, ...} where 0 < p < 1.

(a) Compare the implications for discounting of using geometric and hyperbolic discount fac-
tors.

(b) For the centrally planned model

Yo = iy

Ak'H_l = it — 5kt

where y; is output, ¢; is consumption, i; is investment, k; is the capital stock and the objective is
to maximize
(o)
Vi=> BU(ctis)
s=0
derive the optimal solution under hyperbolic discounting and comment on any differences with

the solution based on geometric discounting.

2.2. Assuming hyperbolic discounting, the utility function U(c;) = In¢; and the production
function y; = Ak,

(a) derive the optimal long-run solution.

(b) Analyse the short-run solution.
1

1 1—1

2.3. Consider the CES production function y; = A[ak;tli; +(1—-an, "]

=2

(a) Show that the CES function becomes the Cobb-Douglas function as v — 1.

(b) Verify that the CES function is homogeneous of degree one and hence satisfies F'(ks, n¢) =

Eyeng + F ik



2.4. Consider the following centrally-planned model with labor

Yo = cttig
Akt+1 = it — (sk’t
1-1 13
ye = Alak, "+ (1 -a)n, 7] T
1

where the objective is to maximize
oo

Z B ncips +@lnliys], B

Vt =
s=0

where y; is output, c¢; is consumption, 4; is investment, k; is the capital stock, n; is employment

and l; is leisure (I; +ny = 1).
(a) Derive expressions from which the long-run solutions for consumption, labour and capital

may be obtained.
(b) What are the implied long-run real interest rate and wage rate?
(¢) Comment on the implications for labor of having an elasticity of substitution between

capital and labor different from unity

(d) Obtain the long-run capital-labor ratio.
2.5. (a) Comment on the statement: "the saddlepath is a knife-edge solution; once the economy

departs from the saddlepath it is unable to return to equilibrium and will instead either explode

or collapse."
(b) Show that although the solution for the basic centrally-planned economy of Chapter 2 is a

saddlepath, it can be approximately represented by a stable autoregressive process.
2.6. In continuous time the basic centrally-planned economy problem can be written as: max-

imize [;“e™%u(c;)dt with respect {c;, k;} subject to the budget constraint F(k;) = c; + k; + Sk,

(a) Obtain the solution using the Calculus of Variations.

(b) Obtain the solution using the Maximum Principle.



(¢) Compare these solutions with the discrete-time solution of Chapter 2.

Chapter 3

3.1. Re-work the optimal growth solution in terms of the original variables, i.e. without first
taking deviations about trend growth.
(a) Derive the Euler equation

(b) Discuss the steady-state optimal growth paths for consumption, capital and output.

3.2. Consider the Solow-Swan model of growth for the constant returns to scale production
function Y; = Fle*' K, e"'N;] where pu and v are the rates of capital and labor augmenting
technical progress.

(a) Show that the model has constant steady-state growth when technical progress is labor
augmenting.

(b) What is the effect of the presence of non-labor augmenting technical progress?

3.3. Consider the Solow-Swan model of growth for the production function Y; = A(e# K;)*(e"* N;)?
where p is the rate of capital augmenting technical progress and v is the rate of labor augmenting
technical progress. Consider whether a steady-state growth solution exists under

(a) increasing returns to scale, and

(b) constant returns to scale.

(c) Hence comment on the effect of the degree of returns to scale on the rate of economic
growth, and the necessity of having either capital or labor augmenting technical progress in order

to achieve economic growth.

3.4. Consider the following two-sector endogenous growth model of the economy due to Rebelo

(1991) which has two types of capital, physical k; and human h;. Both types of capital are required



to produce goods output y; and new human capital if". The model is

Yo = cptip
Akiy = if — Ok
Ahgyr = i —6hy

ye = A(pk)*(uhe)' ™

it = Al(l— @)kJ[(1 — p)he]F

where ¥ is investment in physical capital, ¢ and p are the shares of physical and human capital
l1—0o
. . .. 5 Cets
used in producing goods and a > ¢. The economy maximizes V; = ¥32,5° 2=,
(a) Assuming that each type of capital receives the same rate of return in both activities, find
the steady-state ratio of the two capital stocks

(b) Derive the optimal steady-state rate of growth.

(c) Examine the special case of ¢ = 0.

Chapter 4

4.1. The household budget constraint may be expressed in different ways from equation (4.2)
where the increase in assets from the start of the current to the next period equals total income
less consumption. Derive the Euler equation for consumption and compare this with the solution
based on equation (4.2) for each of the following ways of writing the budget constraint:

(a) agr1 = (1 +7)(ag + x4 — ¢), i.e. current assets and income assets that are not consumed
are invested.

(b) Aa; + ¢ = x4 + raz—1, where the dating convention is that a; denotes the end of period
stock of assets and ¢; and z; are consumption and income during period ¢.

(c) Wy =322, (ff;) =2, (f:;) + (1 +r)at, where W; is household wealth.

4.2. The representative household is assumed to choose {¢;, ¢i41,...} to maximise V; = >~ 02 ) 87U (¢is),

0<p= Fle < 1 subject to the budget constraint Aasiq + ¢t = x¢ + rrar where ¢ is consumption,



x¢ is exogenous income, a; is the (net) stock of financial assets at the beginning of period ¢ and r

is the (constant ) real interest rate.

(a) Assuming that » = 6 and using the approximation U(/](,C(tct)l) =1—0Alnciyq, show that

optimal consumption is constant.

(b) Does this mean that changes in income will have no effect on consumption? Explain.

4.3 (a) Derive the dynamic path of optimal household consumption when the utility func-

— (Ct_ht)170

- and

tion reflects exogenous habit persistence h; and the utility function is U(c:)
household budget constraint is Aai11 + ¢; = ¢ + ras.
(b) Hence, obtain the consumption function making the assumption that 8(1 +r) = 1. Com-

ment on the case where expected future levels of habit persistence are the same as those in the

current period, i.e. hyys = hy for s > 0.

4.4. Derive the behavior of optimal household consumption when the utility function reflects
habit persistence of the following forms:
B 2
(a) U(Ct) = __(Ct —’YQCt_l) + Ol(Ct — '7th1)
(b) Uler) = L=
where the budget constraint is Aa;11 + ¢ = z¢ + ray.

(¢) Compare (b) with the case where U(c;) = % and h; is an exogenous habitual level

of consumption.

4.5. Suppose that households have savings of s; at the start of the period, consume ¢; but
have no income. The household budget constraint is As;11 = (s —¢¢), 0 <r < 1 where r is the
real interest rate.

(a) If the household’s problem is to maximize discounted utility V; = 32°,4%In ¢;4swhere

(i) show that the solution is ¢;y1 = ¢;

(ii) What is the solution for s;?



(b) If the household’s problem is to maximize expected discounted utility V; = E;X5° 8% In¢py s

(i) show that the solution is é = B[]

Ct41

(ii) Using a second-order Taylor series expansion about ¢; show that the solution can be

written as Et[Acc—tt“] = Et[(ACC—tfl)Q]

(iii) Hence, comment on the differences between the non-stochastic and the stochastic

solutions.

4.5. Suppose that households seek to maximize the inter-temporal quadratic objective function

1
1+r

1= s
Vi= =5k ;}5 [(cirs =)+ dlarrsyr —as)®], B =
subject to the budget constraint
¢t + at41 = (1 + T)at —+

where ¢; is consumption, a; is the stock of assets and z; is exogenous.

(a) Comment on the objective function.

(b) Derive expressions for the optimal dynamic behaviors of consumption and the asset stock.

(c) What is the effect on consumption and assets of a permanent shock to z; of Axz? Comment
on the implications for the specification of the utility function.

(d) What is the effect on consumption and assets of a temporary shock to z; that is unantici-
pated prior to period t7

(e) What is the effect on consumption and assets of a temporary shock to x;1 that is antici-

pated in period 7

4.6. Households live for periods ¢ and £+ 1. The discount factor for period t+1is § = 1. They
receive exogenous income xz; and z;41, where the conditional distribution of income in period ¢+ 1
is N(x¢,0?), but they have no assets.

(a) Find the level of ¢; that maximises V; = U(c;) + EiU(ceq1) if the utility function is

quadratic: U(c;) = —1c7 + acy, (o > 0).



(b) Calculate the conditional variance of this level of ¢; and hence comment on what this

implies about consumption smoothing.

4.7. An alternative way of treating uncertainty is through the use of contingent states s,
which denotes the state of the economy up to and including time ¢, where st = (s¢, ¢_1,...) and
there are S different possible states with probabilities p(s?). The aim of the household can then be
expressed as maximizing over time and over all possible states of nature the expected discounted

sum of current and future utility
St,s8'p(s")Ule(s")]

subject to the budget constraint in state s°
c(s') +a(s') = [L+r(s)]a(s"™) +2(s")

where ¢(st) is consumption, a(s?) are assets and z(s?) is exogenous income in state st. Derive the

optimal solutions for consumption and assets.

4.8. Suppose that firms face additional (quadratic) costs associated with the accumulation of

capital and labor so that firm profits are

. o1 1
Ht = Ak?n% — WNg — g — §M(Akt+1)2 — §V(A'I’Lt+1)2

where p, v > 0, the real wage w; is exogenous and Akyy1 = i;— k. If firms maximize the expected
present value of the firm FE[X52,(1 4+ ) *TL; 4],
(a) derive the demand functions for capital and labor in the long run and the short run.
(b) What would be the response of capital and labor demand to
(i) a temporary increase in the real wage in period ¢, and

(ii) a permanent increase in the real wage from period ¢?

Chapter 5



5.1. In an economy that seeks to maximize X2 ,6° Incys (6 = 1—}ﬂ,) and takes output as given
the government finances its expenditures by taxes on consumption at the rate 7, and by debt.
(a) Find the optimal solution for consumption given government expendtitures, tax rates and
government debt.
(b) Starting from a position where the budget is balanced and there is no government debt,
analyse the consequences of
(i) a temporary increase in government expenditures in period ¢,

(ii) a permanent increase in government expenditures from period ¢.

5.2. Suppose that government expenditures g; are all capital expenditures and the stock of

government capital G; is a factor of production. If the economy is described by

Yo = Cit+ig+ g

y = AkPG;C

Al{it+1 ’it — (Sk‘t

AGtJrl = g —0G;

and the aim is to maximize X2 ,5° In ¢ty s,
(a) obtain the optimal solution.

(b) Comment on how government expenditures are being implicitly paid for in this problem.

5.3. Suppose that government finances its expenditures through lump-sum taxes Ty and debt

by but there is a cost of collecting taxes given by
1
O(Ty) = 1 Tt + §¢2Tt27 (1) > 0

If the national income identity and the government budget constraint are

Yt ¢t + gt + ©(1h)

Abipr +Ty = gr + b + (T3)



where output y; and government expenditures g; are exogenous, and the aim is to maximize
53208 Ulcrss) for B = 117,

(a) find the optimal solution for taxes.

(b) What is the household budget constraint?

(c) Analyse the effects on taxes, debt and consumption of

(i) a temporary increase government expenditures in period ¢

(ii) an increase in output.

5.4. Assuming that output growth is zero, inflation and the rate of growth of the money supply
are 7, that government expenditures on goods and services plus transfers less total taxes equals z
and the real interest rate is r > 0,

(a) what is the minimum rate of inflation consistent with the sustainability of the fiscal stance
in an economy that has government debt?

(b) How do larger government expenditures affect this?

(c) What are the implications for reducing inflation?

5.5. Consider an economy without capital that has proportional taxes on consumption and

labor and is described by the following equations

e = Anf=ca+ag
gt +rby = Ticr + T weng + Abpyq
Ulet,ly) = Inecr+vInle
1 = ng+1;

(a) State the household budget constraint.

1

(b) If the economy seeks to maximize X32,8°U (ctts, lt+s), where 8 = 1,

derive the optimal

steady-state levels of consumption and employment for given g;, b; and tax rates.

5.6 (a) What is the Ramsey problem of optimal taxation?



(b) For Exercise 5 find the optimal rates of consumption and labor taxes by solving the asso-

ciated Ramsey problem.

Chapter 6

6.1. (a) Consider the following two-period OLG model. People consume in both periods but
work only in period two. The inter-temporal utility of the representative individual in the first
period is

U=1Inc; + PBlnce + aln(l — n2) + v1n go]
where ¢; and ¢z are consumption and k; (which is given) and k5 are the stocks of capital in periods
one and two, ny is work and g is government expenditure in period two which is funded by a
lump-sum tax in period two. Production in periods one and two are
y1 = Rki=c1+ko
y2 = Rka+¢ne=ca+ g2
Find the optimal centrally-planned solution for c;.

(b) Find the private sector solutions for ¢; and ¢y, taking government expenditures as given.

(¢) Compare the two solutions.

6.2 Suppose that in Exercise 6.1 the government finances its expenditures with taxes both on

labor and capital in period two so that the government budget constraint is
g2 = T2¢na + (R — Ra)ka

where Ry is the after-tax return to capital and 74 is the rate of tax of labor in period two. Derive

the centrally-planned solutions for ¢; and cs.

6.3. (a) Continuing to assume that the government budget constraint is as defined in Exercise
6.2, find the private sector solutions for ¢; and c; when government expenditures and tax rates

are pre- announced.

10



(b) Why may this solution not be time consistent?

6.4 For Exercise 6.3 assume now that the government optimizes taxes in period two taking ko
as given as it was determined in period one.

(a) Derive the necessary conditions for the optimal solution.

(b) Show that the optimal labor tax when period two arrives is zero. Is it optimal to taxe

capital in period two?

6.5. Consider the following two-period OLG model in which each generation has the same
number of people, N. The young generation receives an endowment of x; when young and
x2 = (1 4+ ¢)z1 when old, where ¢ can be positive or negative. The endowments of the young
generation grow over time at the rate 7. Each unit of saving (by the young) is invested and
produces 1+ p units of output (1 > 0) when they are old. Each of the young generation maximizes
Incy: + l—ir Inco 441, where ¢4 is consumption when young and ¢ 141 is consumption when old.

(a) Derive the consumption and savings of the young generation and the consumption of the
old generation.

(b) How do changes in ¢, u, r and v affect these solutions?

(¢) If ¢ = p how does this affect the solution?

11



Chapter 7

7.1. An open economy has the balance of payments identity
ze — Quy" + 17 fr = Afi

where z; is exports, z}" is imports, f; is the net holding of foreign assets, @ is the terms of trade
and r* is the world rate of interest. Total output y; is either consumed at home ¢} or is exported,

thus

Yt :C?+$t~

Total domestic consumption is ¢;; ¥ and z; are exogenous.

(a) Derive the Euler equation that maximises Z:io B° In ¢y s with respect to {c, Cra1yeee; fea1, ft42ye--
where 3 = 1—J1re.

(b) Explain how and why the relative magnitudes of r* and 0 affect the steady-state solutions
of ¢; and f;.

(c) Explain how this solution differs from that of the corresponding closed-economy.

(d) Comment on whether there are any benefits to being an open economy in this model.

(e) Obtain the solution for the current account.

(f) What are the effects on the current account and the net asset position of a permanent

increase in x;7

7.2. Consider two countries which consume home and foreign goods cy + and cp . Each period
the home country maximizes

g—1 o—-17%5—-1
p— (2 g
Up = [CH,t +cpk ]

and has an endowment of y; units of the home produced good. The foreign country is identical
and its variables are denoted with an asterisk. Every unit of a good that is transported abroad has
a real resource cost equal to 7 so that, in effect, only a proportion 1 — 7 arrives at its destination.

P+ is the home price of the home good and Py, is the foreign price of the home good. The

12



corresponding prices of the foreign good are Pr, and Pr.,. All prices are measured in terms of a
common unit of world currency.

(a) If goods markets are competitive what is the relation between the four prices and how are
the terms of trade in each country related?

(b) Derive the relative demands for home and foreign goods in each country.

(¢) Hence comment on the implications of the presence of transport costs.

Note: This Exercise and the next, Exercise 7.3, is based on Obstfeld and Rogoff (2000).

7.3. Suppose the model in Exercise 7.2 is modified so that there are two periods and inter-
temporal utility is

Vi =Uler) + BU(cey1)

fed
o—1 o—17%5—1

o—1
where ¢; = [cht + ¢y } . Endowments in the two periods are y; and y;41. Foreign prices
Pp, and Pp, and the world interest rate are assumed given. The first and second period budget

constraints are

Pywyi +B = Pgicas+ Pricry = Piey

Py — (1+7")B = Pygricairr + Prepicrier = Pipiceg,

where P; is the general price level, B is borrowing from abroad in world currency units in period
t and r* is the foreign real interest rate. It is assumed that there is zero foreign inflation.
(a) Derive the optimal solution for the home economy, including the domestic price level P;.
(b) What is the domestic real interest rate r? Does real interest parity exist?

(¢) How is r related to 77

7.4. Suppose the "world" is compromised of two similar countries where one is a net debtor.

Each country consumes home and foreign goods and maximizes

e} (Ca Cl—a ‘)1—0
V;& _ Z/BS H,t+s~F,t+s
1—0
s=0

13



subject to its budget constraint. Expressed in terms of home’s prices, the home country budget
constraint is

Py icry + SePricre + ABiy1 = Py + ReBy

where cp; is consumption of home produced goods, cp+ is consumption of foreign produced goods,
Py is the price of the home country’s output which is denoted yg; and is exogenous, Pp; is
the price of the foreign country’s output in terms of foreign prices, and B; is the home country’s
borrowing from abroad expressed in domestic currency which is at the nominal rate of interest R;
and S; is the nominal exchange rate. Interest parity is assumed to hold.

(a) Using an asterisk to denote the foreign country equivalent variable (e.g. Cir. 1s the foreign
country’s consumption of domestic output), what are the national income and balance of payments
identities for the home country?

(b) Derive the optimal relative expenditure on home and foreign goods taking the foreign
country - its output, exports and prices - and the exchange rate as given.

(c) Derive the price level P for the domestic economy assuming that ¢; = cfy, +sc}{ﬁrs.

(d) Obtain the consumption Euler equation for the home country.

(e) Hence derive the implications for the current account and the net foreign asset position.
Comment on the implications of the home country being a debtor nation.

(f) Suppose that y; < y; and both are constant, that there is zero inflation in each country,

R, =Rand = ﬁ Show that ¢; < ¢f if By > 0.

7.5. For the model described in Exercise 7.4, suppose that there is world central planner who

maximizes the sum of individual country welfares:

1—a )170

W, — iﬁé (C?{,t+sCF,t+s [(C?{,H-s)a(C},H—s)lia]lig
=
s=0

l-0 l1-0
(a) What are the constraints in this problem?
(b) Derive the optimal world solution subject to these constraints where outputs and the

exchange rate are exogenous.

14



(¢) Comment on any differences with the solutions in Exercise 7.4.
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Chapter 8

8.1. Consider an economy in which money is the only financial asset, and suppose that house-
holds hold money solely in order to smooth consumption expenditures. The nominal household

budget constraint for this economy is
PtCt + AMt+1 = Ptyt

where ¢; is consumption, y; is exogenous income, P; is the price level and M; is nominal money
balances.

(a) If households maximize X2 8°U (ctys), derive the optimal solution for consumption.

(b) Compare this solution with the special case where § = 1 and inflation is zero.

(c) Suppose that in (b) y; is expected to remain constant except in period ¢ + 1 when it is
expected to increase temporarily. Examine the effect on money holdings and consumption.

(d) Hence comment on the role of real balances in determining consumption in these circum-

stances.

8.2. Suppose that the nominal household budget constraint is
ABt+1 + AMt+1 + PtCt = PtSCt + RtBt

where ¢; is consumption, x; is exogenous income, B; is nominal bond holding, M; is nominal
money balances, P; is the general price level, m; = M;/P; and R; is a nominal rate of return.
(a) Derive the real budget constraint.
(b) Comment on whether or not this implies that money is super-neutral in the whole economy.
(c) If households maximize
Vi = 55208°U(Ctis, Mits)

where the utility function is

cf‘m}fo‘ l=o
a®(l—a)l-«

U(es,my) = [

l1—0

16



obtain the demand for money.
8.3. Consider a cash-in-advance economy with the national income identity
Yt = Ct + g
and the government budget constraint
AByy1+ AMp + BTy = Pige + Ry By

where ¢; is consumption, y; is exogenous national income, B; is nominal bond holding, M; is
nominal money balances, P; is the general price level, m; = M;/P;, T; are lump-sum taxes, R; is
a nominal rate of return and the government consumes a random real amount g; = g 4+ e; where
e; is an independently and identically distributed random shock with zero mean.

(a) If households maximize X2 5% Inc¢;ys where § = ?19, derive the optimal solutions for
consumption and money holding.

(b) Comment on how a positive government expenditure shock affects consumption and money

holding.

(c) Is money super-neutral in this economy?

8.4. Suppose that some goods c; + must be paid for only with money M; and the rest cy; are
bought on credit L; using a one period loan to be repaid at the start of next period at the nominal
rate of interest R + p, where R is the rate of interest on bonds which are a savings vehicle. The
prices of these goods are Pj; and Py;. If households maximize X2 (1 + R)*U(ct4s) subject to

a l-a
C1,t%2 ¢

their budget constraint, where U(c;) = Iney, ¢ = (e

and income y; is exogenous,
(a) derive the expenditures on cash purchases relative to credit.

(b) Obtain the optimal long-run solutions for ¢; ; and ¢s ; when exogenous income y; is constant.

(¢) Comment on the case where there is no credit premium.

8.5. Suppose that an economy can either use cash-in-advance or credit. Compare the long-run

17



levels of consumption that result from these choices for the economy in Exercise 8.4 when there

is a single consumption good c;.

8.6. Consider the following demand for money function which has been used to study hyper-

inflation

my —pr = —a(Epip1 —pt), a>0

where M;= nominal money, m; = In M;, P,= price level and p; = In P;.

(a) Contrast this with a more conventional demand function for money, and comment on why
it might be a suitable formulation for studying hyper-inflation?

(b) Derive the equilibrium values of p; and the rate of inflation if the supply of money is given
by

Amy = 1+ &

where g > 0 and Ei[er41] = 0.
(c) What will be the equilibrium values of p; if
(i) the stock of money is expected to deviate temporarily in period ¢ + 1 from this money
supply rule and take the value mj, {,
(i) the rate of growth of money is expected to deviate permanently from the rule and

from period t + 1 grow at the rate v.

18



Chapter 9

9.1. Consider an economy that produces a single good in which households maximize

— s My, 1
W:;ﬁ [lncurs—gblnnprs—&-’ylnm , 6:1+T

subject to the nominal budget constraint
Pict + ABy 1 + AM; 1y = Pudy + Wing + RBs.

where ¢ consumption, n is employment, W is the nominal wage rate, d is total real firm net
revenues distributed as dividends, B is nominal bond holdings, R is the nominal interest rate, M
is nominal money balances, P is the price level and r is the real interest rate. Firms maximize

the present value of nominal net revenues

o0

Ht = Z(l + T)iSPtJrsdths
s=0

where d; = y; — wyny, the real wage is wy = W;/P; and the production function is y; = Aing.

(a) Derive the optimal solution on the assumption that prices are perfectly flexible.

(b) Assuming that inflation is zero, suppose that, following a shock, for example, to the money
supply, firms are able to adjust their price with probability p, and otherwise price retains its
previous value. Discuss the consequences for the expected price level following the shock.

(¢c) Suppose that prices are fully flexible but the nominal wage adjusts to shocks with probability

p. What are the consequences for the economy?

9.2. Consider an economy where prices are determined in each period under imperfect compe-

tition in which households have the utility function
Ulet,ni(i)] = Incp — nlnng(3)

with ¢ = 1,2. Total household consumption ¢; is obtained from the two consumption goods c¢;(1)

and ¢;(2) through the aggregator
ce(1)%e(2)'
¢°(1—¢)1=¢

Ct =

19



and ny(1) and ng(2) are the employment levels in the two firms which have production functions
Y (i) = Aigna (i)
and profits
I (3) = Pp()ye (i) — Wi(i)ne (i)

where P, (i) is the output price and Wi (i) is the wage rate paid by firm i. If total consumption
expenditure is

PtCt = Pt(l)ct(l) + Pt(Q)Ct(Q)

(a) Derive the optimal solutions for the household, treating firm profits as exogenous.
(b) Show how the price level for each firm is related to the common wage W; and comment on

your result.

9.3. Consider a model with two intermediate goods where final output is related to intermediate

inputs through

and the final output producer chooses the inputs y; (1) and y:(2) to maximize the profits of the
final producer

Iy = Py — Br(1)ye(1) — Pr(2)y:(2)

where P; is the price of final output and P; (i) are the prices of the intermediate inputs. Interme-

diate goods are produced with the production function

Yt (Z) = Aitnt(i)a

where n4(7) is labour input and the intermediate goods firms maximize the profit function

(i) = Pu(i)ys (1) — Wing (i)

20



where W; is the economy-wide wage rate.
(a) Derive the demand functions for the intermediate inputs.
(b) Derive their supply functions.

(c) Hence examine whether there is an efficiency loss for total output.

9.4. Consider pricing with intermediate inputs where the demand for an intermediate firm’s

output is

its profit is

and its total cost is

Culi) = T (P (0]

(a) Find the optimal price P;(i)* if the firm maximizes profits period by period while taking

yr and P; as given.

(b) If instead the firm chooses a price which it plans to keep constant for all future periods
and hence maximizes X% (1 + 7) ~*II;; 5(7), derive the resulting optimal price P;(i)?.

(c) What is this price if expressed in terms of P;(i)*?

(d) Hence comment on the effect on today’s price of anticipated future shocks to demand and

costs.

9.5. Consider an economy with two sectors i = 1,2. Each sector sets its price for two periods
but does so in alternate periods. The general price level in the economy is the average of sector
prices: p; = %(plt + p2t), hence p; = %(pﬁ +pﬁ1,t71). In the period the price is reset it is
determined by the average of the current and the expected future optimal price: pﬁ = %(pj‘t +
Eip}i11), i = 1,2. The optimal price is assumed to be determined by pj; — ps = ¢(w; —p;), where

wy is the wage rate.
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(a) Derive the general price level if wages are generated by Aw; = e;, where e; is a zero mean
1.i.d. process. Show that p; can be given a forward-looking, a backward-looking and a univariate
representation.

(b) If the price level in steady state is p, how does the price level in period ¢ respond to an
unanticipated shock in wages in period t7

(¢c) How does the price level deviate from p in period ¢ in response to an anticipated wage

shock in period t + 1?7

22



Chapter 10

10.1. (a) Suppose that a consumer’s initial wealth is given by Wy, and the consumer has the
option of investing in a risky asset which has a rate of return r or a risk-free asset which has a sure
rate of return f. If the consumer maximizes the expected value of a strictly increasing, concave
utility function U(W) by choosing to hold the risky versus the risk-free asset, and if the variance
of the return on the risky asset is V(r), find an expression for the risk premium p that makes the
consumer indifferent between holding the risky and the risk-free asset.

(b) Explain how absolute risk aversion differs from relative risk aversion.

(c) Suppose that the consumer’s utility function is the hyperbolic absolute risk aversion

(HARA) function

aW
l1—0c

_1-0

UW) = {

o
> +B] , a>0,8>0,;0<0<1.
Discuss how the magnitude of the risk premium varies as a function of wealth and the para-

meters «, 3, and o.

10.2. Consider there exists a representative risk-averse investor who derives utility from current

and future consumption according to
U= ZZ:O/BSEIEU(CH-S);

where 0 < 8 < 1 is the consumer’s subjective discount factor, and the single-period utility function

has the form

l1—0o
¢ °—1

Ule) = , o>0.

l-0
The investor receives a random exogenous income of 1; and can save by purchasing shares in a
stock or by holding a risk-free one-period bond with a face-value of unity. The ex-dividend price
of the stock is given by P} in period ¢. The stock pays a random stream of dividends Dy, ¢ per
share held at the end of the previous period. The bond sells for PP in period ¢.

(a) Find an expression for the bond price that must hold at the investor’s optimum.
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(b) Find an expression for the stock price that must hold at the investor’s optimum. Interpret
this expression.
(c) Derive an expression for the risk premium on the stock that must hold at the investor’s

optimum. Interpret this expression.

10.3. If the pricing kernel is My, 1, the return on a risky asset is 7, and that on a risk-free asset
is ft,

(a) state the asset-pricing equation for the risky asset and the associated risk premium.

(b) Express the risk premium as a function of the conditional variance of the risky asset and

give a regression interpretation of your result.

10.4. (a) What is the significance of an asset having the same pay-off in all states of the world?
(b) Consider a situation involving three assets and two states. Suppose that one asset is a
risk-free bond with a return of 20%, a second asset has a price of 100 and pay-offs of 60 and 200
in the two states, and a third asset has pay-offs of 100 and 0 in the two states. If the probability
of the first state occurring is 0.4.
(i) What types of assets might this description fit?
(ii) Find the prices of the implied contingent claims in the two states.
(iii) Find the price of the third asset.

(iv) What is the risk premium associated with the second asset?

10.5. Consider the following two-period problem for a household in which there is one state of
the world in the first period and two states in the second period. Income in the first period is 6;
in the second period it is 5 in state one which occurs with probability 0.2, and is 10 in state two.
There is a risk-free bond with a rate of return equal to 0.2. If instantaneous utility is Inc¢; and
the rate of time discount is 0.2 find

(a) the levels of consumption in each state,

(b) the state prices,
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(c) the stochastic discount factors,
(d) the risk-free "rate of return" (i.e. rate of change) to income in period two,

(e) the "risk premium" for income in period two.
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Chapter 11

[ v o . 00 s
7— who maximizes E;¥32,8°U(ci1s) can

11.1. An investor with the utility function U(c;) =

either invest in equity with a price of P° and a dividend of D; or a risk-free one-period bond with
nominal return f;. Derive

(a) the optimal consumption plan, and

(b) the equity premium.

(c) Discuss the effect on the price of equity in period ¢ of a loosening of monetary policy as

implemented by an increase in the nominal risk-free rate f;.

11.2. (a) A household with the utility function U(c;) = In ¢;, which maximizes E; %2 ,8°U (¢i+s),
can either invest in a one-period domestic risk-free bond with nominal return R;, or a one-period
foreign currency bond with nominal return (in foreign currency) of R;. If the nominal exchange
rate (the domestic price of foreign exchange) is S; derive

(i) the optimal consumption plan, and
(ii) the foreign exchange risk premium.

(b) Suppose that foreign households have an identical utility function but a different discount
factor 8%, what is their consumption plan and their risk premium?

(c) Is the market complete? If not,

(i) what would make it complete?

(ii) How would this affect the two risk premia?

11.3. Let S; denote the current price in dollars of one unit of foreign currency; F} r is the
delivery price agreed to in a forward contract; r is the domestic interest rate with continuous

* is the foreign interest rate with continuous compounding.

compounding; r
(a) Consider the following pay-offs:

(i) investing in a domestic bond
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(ii) investing a unit of domestic currency in a foreign bond and buying a forward contract
to convert the proceeds.
Find the value of the forward exchange rate F; r.
(b) Suppose that the foreign interest rate exceeds the domestic interest rate at date ¢ so that

r* > r. What is the relation between the forward and spot exchange rates?

11.4. (a) What is the price of a forward contract on a dividend-paying stock with stock price
S¢?

(b) A one-year long forward contract on a non-dividend-paying stock is entered into when the
stock price is $40 and the risk-free interest rate is 10% per annum with continuous compounding.
What is the forward price?

(c) Six months later, the price of the stock is $45 and the risk-free interest rate is still 10%.

What is the forward price?

11.5. Suppose that in an economy with one and two zero-coupon period bonds investors
maximize Fy32° 0% Inciqs. What is

(a) the risk premium in period ¢ for the two-period bond, and

(b) its price in period t?

(c) What is the forward rate for the two-period bond?

(d) Hence, express the risk premium in terms of this forward rate.

11.6. Consider a Vasicek model with two independent latent factors z; and zo;. The price of

an n-period bond and the log discount factor may be written as

7[An + Binzie + BQnZQt]

DPnt

M1 =  —[21e + 22t + €141 + A2ea i1

where the factors are generated by

Zigp1 — iy = O (Zie — 1) +€ipq1, i =1,2.
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(a) Derive the no-arbitrage condition for an n-period bond and its risk premium. State any
additional assumptions made.

(b) Explain how the yield on an n-period bond and its risk premium can be expressed in terms
of the yields on one and two period bonds.

(c) Derive an expression for the n-period ahead forward rate.

(d) Comment on the implications of these results for the shape and behavior over time of the

yield curve.

11.7 In their affine model of the term structure Ang and Piazzesi (2003) specify the pricing

kernel M; directly as follows:

£
My = exp(—s) =t
&
sg = 0g+ 5’12,5
2= pt ¢z + Se
¢ 1
il 2 S exp(—=N A\t — Ajeri1)
& 2
At = Ao+ Mz
Pnt = An + B;IZt

(a) Derive the yield curve, and

(b) and the risk premium on a n-period yield.
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Chapter 12

12.1. According to rational expectations models of the nominal exchange rate, such as the
Monetary Model, an increase in the domestic money supply is expected to cause an appreciation
in the exchange rate, but the exchange rate depreciates. Explain why the Monetary Model is

nonetheless correct.

12.2 The Buiter-Miller (1981) model of the exchange rate - not formally a DGE model but,
apart from the backward-looking pricing equation, broadly consistent with such an interpretation

- may be represented as follows:

Yo = alsi+p; —pt) = B(Re — Apeyr —7e) + ge +7yf
my—pr = Yp— ARy
Apiyr = Oy —yp) +nf
Asgy1 = Ri— Ry

where y is output, y” is full employment output, g is government expenditure, s is the log exchange
rate, R is the nominal interest rate, r is the real interest rate, m is log nominal money, p is the
log price level, 7# is target inflation and an asterisk denotes the foreign equivalent.

(a) Derive the long-run and short-run solutions for output, the price level and the exchange
rate.

(b) Hence comment on the effects of monetary and fiscal policy.

(¢) Suppose that the foreign country is identical and the two countries comprise the "world"
economy. Denoting the corresponding world variable as Ty = x; + = and the country differential
by Z; = x¢ —

(i) derive the solutions for the world economy and for the differences between the economies.

(ii) Analyse the effects of monetary and fiscal policy on the world economy.

12.3 Consider a small cash-in-advance open economy with a flexible exchange rate in which
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output is exogenous, there is Calvo pricing, PPP holds in the long run, UIP holds and households

maximize Zz?';oﬁj In ¢;1; subject to their budget constraint

StAFt+1 + AMt+1 + PtCt = Ptl't + R:StFt

where P; is the general price level, ¢; is consumption, x; is output, F; is the net foreign asset
position, M; is the nominal money stock, S; is the nominal exchange rate and R} is the foreign
nominal interest rate.

(a) Derive the steady-state solution of the model when output is fixed.

(b) Obtain a log-linear approximation to the model suitable for analysing its short-run behavior

(¢) Comment on its dynamic properties.

12.4. Suppose the global economy consists of two identical countries who take output as given,
have cash-in-advance demands for money based on the consumption of domestic and foreign goods
and services, and who may borrow or save either through domestic or foreign bonds. Purchasing
power parity holds and the domestic and foreign money supplies are exogenous. Global nominal
bond holding satisfies B; + S;B} = 0 where S; is the domestic price of nominal exchange and
B; is the nominal supply of domestic bonds. The two countries maximize Ej‘?ioﬁj Inciq; and
X720 67 In Cty;» respectively, where c; is real consumption. Foreign equivalents are denoted with
an asterisk.

(a) Derive the solutions for consumption and the nominal exchange rate.

(b) What are the effects of increases in

(i) the domestic money supply and

(ii) domestic output?

12.5 Consider a world consisting of two economies A and B. Each produces a single tradeable
good and issues a risky one-period bond with real rate of returns rtA and 7P, respectively. Noting

that the real exchange rate e; between these countries is the ratio of their marginal utilities,
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(a) derive the real interest parity condition.
(b) How is this affected in the following cases:
(1) both countries are risk neutral,

(ii) markets are complete?
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Chapter 13

13.1. Consider the following characterizations of the IS-LM and DGE models:

IS-LM

DGE

Ac

Ak

i

where y is output, ¢ is consumption, %

= c(y,r) +ily,m)+g

= L(y7 T)

is investment, k is the capital stock, g is government

expenditure, r is the real interest rate, m is log nominal money and p is the log price level.

(a) Comment on the main differences in the two models and on the underlying approaches to

macroeconomics.

(b) Comment on the implications of the two models for the effectiveness of monetary and fiscal

policy.

13.2. (a) How might a country’s international monetary arrangements affect its conduct of

monetary policy?

(b) What other factors might influence the way it carries out its monetary policy?

13.3. The Lucas-Sargent proposition is that systematic monetary policy is ineffective. Examine
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this hypothesis using the following model of the economy due to Bull and Frydman (1983):

Yy = a1+ ax(pr— E1pe) +uy
de = p(me—pe) +v
Apy = 9(]9: _pt71>a

where y is output, d is aggregate demand, p is the log price level, p* is the market clearing price,
m is log nominal money and u and v are mean zero, mutually and serially independent shocks.
(a) Derive the solutions for output and prices.
(b) If my = pu + ¢ where &; is a mean zero serially independent shock, comment on the effect
on prices of
(i) an unanticipated shock to money in period ¢,
(ii) a temporary anticipated shock to money in period ¢,
(iii) a permanent anticipated shock to money in period t.

(c) Hence comment on the Lucas-Sargent proposition.

13.4. Consider the following model of the economy:

Tt = _B<Rt — Etﬂ't+1 — T‘)
T = Emp oz e
Ry = y(Eimip —77),

where 7; is inflation, 7* is target inflation, x; is the output gap, R; is the nominal interest rate
and e; is a mean zero serially independent shock.

(a) Why is the interest rate equation misspecified?

(b) Correct the specification and state the long-run solution.

(c) What are the short-run solutions for 7¢, z; and R;?

(d) In the correctly specified model how would the behavior of inflation, output and monetary

policy be affected by
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(i) a temporary shock e;
(ii) an expected shock e;y1?

(e) Suppose that the output equation is modified to

Tt = _B(Rt - Et71't+1 - 7“) — ey,

where e; can be interpreted as a supply shock. How would the behavior of inflation, output and

monetary policy be affected by a supply shock?

13.5 Consider the following New Keynesian model:

T = ¢+ BEm 1+ 2 +ent
ry = By —o(Ry — Eymygr —0) + eqy
Rt = 9+7T*+‘LL(7Tt—7T*>+’U.’Et+€Rt,

where ; is inflation, 7* is target inflation, z; is the output gap, R; is the nominal interest rate,
ext and eq; are independent, zero-mean iid processes and ¢ = (1 — 3)7*.

(a) What is the long-run solution?

(b) Write the model in matrix form and obtain the short-run solutions for inflation and the
output gap when i > 1 and p < 1.

(¢) Assuming the shocks are uncorrelated, derive the variance of inflation in each case and
comment on how the choice of y and v affects the variance of inflation

(d) Hence comment on how to tell whether the "great moderation" of inflation in the early

2000’s was due to good policy or to good fortune.
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13.6. Consider the following model of Broadbent and Barro (1997):

yr = opr — Ei1pt) + e
di = —Prite
my = Yy +p— AR

re = IRy— EtApt—l—l

Yy = dy,

where e; and ¢; are zero-mean mutually and serially correlated shocks.
(a) Derive the solution to the model
(i) under money supply targeting,
(ii) inflation targeting,
(b) Derive the optimal money supply rule if monetary policy minimizes Ey(piy1 — Eipii1)?
subject to the model of the economy.
(¢) What does this policy imply for inflation and the nominal interest rate?
(d) Derive the optimal interest rate rule.
(e) How would these optimal policies differ if monetary policy was based on targeting inflation

instead of the price level?

13.7. Suppose that a monetary authority is a strict inflation targeter attempting to minimize

E(my — 7)? subject to the following model of the economy
Ty = OLth + z: + ey,

where oy = a + ¢4, E(2t) = 2+ €, and 44 and €,; are random measurement errors of o and z,
respectively; €4¢, €.+ and e; are mutually and independently distributed random variables with
zero means and variances o2, 02 and o2.

(a) What is the optimal monetary policy

(1) in the absence of measurement errors,
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(ii) in the presence of measurement errors?

(b) What are broader implications of these results for monetary policy?

13.8. A highly stylized model of an open economy is

pr = api—1+0(st —p)

s¢ = R+ Ryqa,

where p; is the price level, s; is the exchange rate and R; is the nominal interest rate. Suppose

that monetary policy aims to choose R; and R;y; to minimize

L= (p:— P+ B(pe+1 —p*)2 + (R — R*)Q,

where pi_1 = Ryo = 0.

(a) Find the time consistent solutions for R; and R;y;. (Hint: first find R;1 taking R; as
given.)

(b) Find the optimal solution by optimizing simultaneously with respect to R; and Ryq.

(c) Compare the two solutions and the significance of .

13.9. Consider the following model of an open economy:

T = W+ BEm vz +en
zy = —a(Ry— Eimipr —0)+ d(se +p; —pi) + ea
A8t+1 = Rt - R: + €st,

where e, ;¢ and ey are mean zero, mutually and serially independent shocks to inflation, output
and the exchange rate.
(a) Derive the long-run solution making any additional assumptions thought necessary.

(b) Derive the short-run solution for inflation.
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(c) Each period monetary policy is set to minimize E;(m;y1 — 7*)2, where 7* is the long-run
solution for 7, on the assumption that the interest rate chosen will remain unaltered indefinitely

and foreign interest rate and price level will remain unchanged. Find the optimal value of R;.
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Chapter 14

14.1. Consider a variant on the basic real business cycle model. The economy is assumed to

s} 1—0o
maximize E; ) 3*“4—— subject to
s=0

Y = Tt
ye = AkP
Ak = iy — Ok
InA; = plnd; 1 +e,

where y; is output, ¢; is consumption, i; is investment, k; is the capital stock, A; is technical
progress and e; ~ 4.i.d(0, w?).
(a) Derive
(i) the optimal short-run solution,
(ii) the steady-state solution,
(ii) a log-linearization to the short-run solution about its steady state in lnc¢; — Inc and
Ink; — Ink, where Inc and In k are the steady-state values of In¢; and In k.
(b) If, in practice, output, consumption and capital are non-stationary I(1) variables,
(i) comment on why this model is not a useful specification.
(ii) Suggest a simple re-specification of the model that would improve its usefulness.
(¢) In practice, output, consumption and capital also have independent sources of random
variation.
(i) Why is this not compatible with this model?

(ii) Suggest possible ways in which the model might be re-specified to achieve this.

14.2 After (log-) linearization all DSGE models can be written in the form

B().’Et = BlEt.'Et+1 + BQZt.
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If there are lags in the model, then the equation will be in companion form and z; and z; will be

long (state) vectors. And if By is invertible then the DSGE model can also be written as
e = A1 B + Aoz,

where A; = By 'B; and Ay = By ' Bs.

(a) Show that the model in Exercise 14.1 can be written in this way.

(b) Hence show that the solution can be written as a vector autoregressive-moving average
(VARMA) model.

(c) Hence comment on the effect of a technology shock.

14.3. Consider the real business cycle model defined in terms of the same variables as in

Exercise 14.1 with the addition of employment, n;:

u = By e
Yy o=t
ye = Akgng®
Akiy1 = g — Oky
InA; = plnd;_ 1 +ey,

where e; ~ 7.i.d(0, w?).
(a) Derive the optimal solution
(b) Hence find the steady-state solution.
(c) Log-linearize the solution about its steady state to obtain the short-run solution.

(d) What is the implied dynamic behavior of the real wage and the real interest rate?

14.4 For a log-linearized version of the model of Exercise 14.1 write a Dynare program to
compute the effect of an unanticipated temporary technology shock on the logarithms of output,
consumption and capital and the implied real interest rate assuming that o = 0.33, § = 0.1, 0 =4,

6 = 0.05, p = 0.5 and the variance of the technology shock e; is zero.
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Notes:
(i) Dynare runs in both Matlab and Gauss and is freely downloadable from http://www.dynare.org
(ii) Dynare uses a different dating convention. It dates non-jump variables like the capital

stock at the end and not the start of the period, i.e. as t — 1 and not ¢.

14.5 For the model of Exercise 14.1 write a Dynare program to compute the effect of a tempo-
rary technology shock assuming that « = 0.33, § = 0.1, 0 = 4, § = 0.05, p = 0.5 and the variance
of the technology shock e; is unity. Plot the impulse response functions for output, consumption,

capital and the real interest rate.

14.6. For the model of Exercise 14.5 write a Dynare program for a stochastic simulation which

calculates the means, variances, cross correlations and autocorrelations.

14.7 (a) Consider the New Keynesian model

T = 7T*+Q(Et’ﬂ't+1 —7T*)+B(7Tt,1 —7T*)+(Sl’t+€7|—t
ry = By — (R — Eympr — 0) + ext
Ry = O0+7" 4 p(m —7") + vz,

where ; is inflation, 7* is target inflation, z; is the output gap, R; is the nominal interest rate,
et and ey are independent, shocks.ean iid processes and ¢ = (1 — 3)7*. Write a Dynare program
to compute the effect of a supply shock in period ¢ such that e,; = —ez; = 5. Assume that 7* = 2,
a=06,a+p=1,6=1,v=5,0=3, pu=15and v=1.

(b) Compare the monetary policy response to the increase in inflation compared with that of

a strict inflation targeter when v = 0.
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Solutions

Chapter2

2.1. We have assumed that the economy discounts s periods ahead using the geometric (or
exponential) discount factor f* = (1+6)~° for {s =0, 1,2,...}. Suppose instead that the economy
uses the sequence of hyperbolic discount factors 3, = {1, 83, 0B2, B3, ...} where 0 < p < 1.

(a) Compare the implications for discounting of using geometric and hyperbolic discount fac-
tors.

(b) For the centrally planned model

Y = c+iy

Akt+1 == it - 6kt

where y; is output, ¢; is consumption, ¢; is investment, k; is the capital stock and the objective is

to maximize
o)
Vi = ZBSU(CH-S)
s=0

derive the optimal solution under hyperbolic discounting and comment on any differences with

the solution based on geometric discounting.

Solution

(a) As 0 < ¢ < 1 the hyperbolic discount factor is smaller than the corresponding geometric
discounting for a given value of 8 and s > 0. This implies that the future is discounted more and
hence becomes less ‘important’ than before. Figure 2.1 illustrates the effect of different values of

i for a given value of g = 0.9.

(b) The Lagrangian with hyperbolic discounting is

L =U(co)+M[F (k) —cr—kep1+(1=0) kel + Y _{0B°U(cers)FAers[F(krys)—Cros—hirasr+(1—6)kirs}

s=1
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The first-order are conditions are

oL, : U'(er) — A =0, s=0

Octys
e ©B°U (ctys) — Ais =0, >0
0L,

= )\t+s[F/(kt+5)+1f5] *)\t+s_1 :0, s>0
aktJrs

plus the resource constraints and the transversality condition lims_,oc 0B8°U’(ct45)ktt+s = 0. The

Euler equations for s > 0 can be written as

SDBU(/](,%Z;)[F/(@H) +1-40] =1 (1)
UI(Ct s 1) , _
5ﬁ[F (ktrsi1)+1-=06] = 1, s>0 (2)

These differ for the first period. Hence hyperbolic only differs from geometric discounting in the
initial period. The long-run optimal levels of the capital stock and consumption will be the same
as for geometric discounting. After period ¢+ 1 the short-run responses of consumption and capital
to a shock will also be the same as for geometric discounting, but between periods ¢ and ¢+ 1 the

response of consumption along the optimal path differs.

2.2. Assuming hyperbolic discounting, the utility function U(c¢;) = Ine¢; and the production
function y; = Ak,
(a) derive the optimal long-run solution.

(b) Analyse the short-run solution.

Solution
(a) From the solution of exercise 1, equations (1) and (2) the optimal long run solution for

capital is obtained from its net marginal product

Fl—-0=aAk* ' =90
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giving

0+5\ =
b= (ar)

c = Ak® -0k

(b) The Euler equation implies that the optimal rate of growth in consumption from periods

ttot+1is

T = @Bl (k) +1- 3]
t
= oBladk Y +1-6
oB(aAk, + )

< Bladk T +1-6)

the corresponding solution under geometric discounting.

To illustrate the different dynamic behavior of the economy consider a permanent productivity
increase in period t. We have shown that the economy moves towards the same long-run solution
as for geometric discounting. Moreover, from t + 1, it approaches long-run equilibrium at the
same speed. Although y; is given in period ¢ because k; cannot be changed, ¢; and i; - and hence
kiy1 - will be different from geometric discounting. As future consumption is less important, c;
will be higher, i; and hence k;;; must be lower. In other words, there is a bigger initial impact
on consumption and thereafter consumption and the capital stock are smaller than for geometric
discounting and it takes longer to reach the same long-run equilibrium.

1 11 1

2.3. Consider the CES production function y; = A[akiig +(1—a)n, 7|7

(a) Show that the CES function becomes the Cobb-Douglas function as v — 1.
(b) Verify that the CES function is homogeneous of degree one and hence satisfies F'(k;,ns) =

Eyeng + F ik

Solution
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(a) We use L’Hospital’s rule to obtain the solution. Consider re-writing the production function

=
1 — — yt — — f(’Y) — h(’}/)
Alaky 7 +(1—am 7] 90)

Asy—1,1- % — 0 and xtl_7 — 1. Hence f(y) — 1, g(y) — A and h(y) — & # 1. Therefore

the equation is violated as v — 1. L’Hospital’s rule says that in a such a case we may obtain the

limit as v — 1 using

1— lim,_; ') _ In
limy_1¢'(y) Alalnk + (1 — a)lnn,
1-2 (1-%)Inx
where we have used z, * =€~ 7/ """ and
de(1=7) 0 1 17%1 ! 1
—_— =——=z nz; — —Inz as y —
dy P ' '

Taking exponentials gives the Cobb-Douglas production function

A l-a
ye = e kin, .

(b) First consider the marginal product of capital. The CES production function can be

rewritten as

+(1—a)m, 7]

<
o~
2
Il
N
—
|
2|
B
>
-
2=

Hence, partially differentiating with respect to ki, gives

1

1 —layt 1—1 1
11— - T—=—==A"va(l——)k, "
( ’Y)yt Ok o ’Y) t

It follows that

2=

Oyy 1-L (U
It Ay (L
ok ks

and
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If F(k’t, nt) = Fn,tnt + Fk,tkt holds then

F(ke,ne) = Fping + Fi ik

1

1 1
— aal? (%) Tkt (1—a)AH (2) "
t Tt
1 1-1 1—
= Al_iyt [ak, 7+ (1—a)n,

7]

2=

= Yt

Hence

1 1

-1 —
Yt = A[ak‘t T+ (1 a)nt "]

=2

2.4. Consider the following centrally-planned model with labor

Yi = ctt+iy

Ak’t+1 = it - (Sk't

1 1
v = Aok, T +(1—am 7]
where the objective is to maximize
Vi= iﬂs[lnctﬂ +elnly], B= 1
146

s=0

where y; is output, ¢; is consumption, i; is investment, k; is the capital stock, n; is employment

and l; is leisure (I; +mn¢ = 1).

(a) Derive expressions from which the long-run solutions for consumption, labour and capital

may be obtained.

(b) What are the implied long-run real interest rate and wage rate?

(¢) Comment on the implications for labor of having an elasticity of substitution between

capital and labor different from unity

(d) Obtain the long-run capital-labor ratio.

Solution

46



(a) This problem is special case of the analysis in Chapter 2 for particular specifications of the

utility and production functions. The Lagrangian is

Lo = Y ABU(Corsslirs) + At [F(Kers, niss) = Covs — kstr + (1= 8]
s=0

+,u‘t+s[1 — Nigs — lt+s}}

which is maximized with respect to {cits,li4s, Ntts, Kiqst1, Mgss theys; s > 0}, The first-order

conditions are

0L

= BsUc,tJrs — At4s =0, s>0
Octys
oL
L= B Ut t4s — Myys =0, s>0
Ol s ’
oL
871,;_5 = MrsFhirs =ty s =0, s>0
oL
“ = AegslFrags 11— 6] = Ags1 = 0, $>0
8kt+5

The consumption FEuler equation for s =1 is

U,
/B%H[Fk,t-‘rl +1-46]=1
c,t

or, in this case,

B [aAl S (yM) T r1-g)=1

Ct+1 t+1

The long-run static equilibrium solution is therefore

g:Al—v 0+46\"
k «Q

Eliminating A4 s and p,, , from the first-order conditions for consumption, leisure and employment

gives for s =0

2=

= (3)

Ct

p (=A™ (g_>
I

Consequently, the long-run solution satisfies




The solutions for the long-run values ¢, k, [, n, and y are obtained by solving equations (3) and (4)

simultaneously with

1

y = A[ozk:lf% +(1— a)nlf%] ]
y = c+ 0k
l+n = 1

These equations form a non-linear system and do not have a closed-form solution.

(b) The implied long-run real wage is

wy = Py

)

1

= (1-aA> <%> ’

T

and the long-run real interest rate is r = 6.

(¢) The long-run demand for labor is
n=(1-a) A" yy™

Hence the greater the degree of substitutability between capital and labor -, the more sensitive

is the demand for labor to changes in the real wage. The labor share is

2o ()

Consequently, the smaller is the elasticity of substitution, the greater is the share of labor. If
~ = 1 then the share of labor is constant. Note also that an increase in productivity A increases

the share of labor if v > 1.
(d) From the marginal products for capital and labor the long-run capital-labor ratio can be
shown to be
E _ aw K
n (1 —-a)@+0)
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Thus, the higher the degree of substitutability =y, the greater is the response of the capital-labor

ratio to changes in the rates of return on capital and labor.

2.5. (a) Comment on the statement: "the saddlepath is a knife-edge solution; once the economy
departs from the saddlepath it is unable to return to equilibrium and will instead either explode
or collapse."

(b) Show that although the solution for the basic centrally-planned economy of Chapter 2 is a

saddlepath, it can be approximately represented by a stable autoregressive process.

Solution

(a) This statement reflects a misunderstanding of the nature of the dynamic solution to the
DSGE model that often arises when a phase-diagram rather than an algebraic derivation of the
solution is used. In fact, the economy cannot explode given the usual assumptions of the DSGE
model such as the basic centrally-planned model of Chapter 2. The potential advantage of using
a phase diagram is that it may be better able to represent non-linear dynamics than an algebraic
solution which, due to its mathematical intractability, is commonly simplified by being formulated
in terms of local deviations from long-run equilibrium.

The phase diagram depicting the dynamic behavior of the optimal solution for the basic

centrally-planned economy in Chapter 2, Figure 10, is
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/o
Ak =0
k' k” k
Figure 10

The arrows depict the dynamic behavior of consumption and capital for each point in space
(for the positive orthant) and the saddlepath SS shows the saddlepath back to equilibrium at point
B (i.e. the stable manifold). The functional form of the saddlepath is in general non-linear. It can
also be approximated in the neighborhood of equilibrium (i.e. locally) by a partial adjustment
mechanism with a forward-looking long-run solution based on current and expected future values
of the exogenous variables. The dynamics of the adjustment to equilibrium following a shock are
a first-order autoregressive process. Some examples are given in the Appendix, section 15.8.4.
The functional form for the saddlepath and all its parameters are derived from the specification
of the model’s parameters. Change the model parameters and the saddlepath changes, but not
its functional form. In contrast, the points in the phase diagram not on the saddlepath are not
determined in terms of the model parameters. This is because, given the model, these points
are unattainable. Only the points on the saddlepath are attainable. For this reason the arrows
usually found in a phase may be misleading. They suggest that if the economy enters the wrong

region it could explode or collapse. But, given the model, the economy can’t enter such a region,
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and so cannot explode or collapse. Perhaps, therefore, there is less danger of misinterpreting the
dynamic behavior of the economy if it is solving algebraically rather than being described using a

phase diagram.

(b) For the basic centrally-planned economy of Chapter 2 we obtained the local approximation

to the dynamic structure of the model as

Ct+1—C* 1+% —(1“!‘0)% Ct_C*
feepr — k* ~1 1+6 ky — k*

This can be rewritten as

Zt4+1 = AZt + (I - A)Z*

where z; = (¢, k) and 2* = (¢*, k*)’. The matrix A is a function of the parameters of the
model, in particular, of the utility and production functions and of c*and k*. All of these are
given. The two eigenvalues of A satisfy the saddlepath property that one is stable and the other
is unstable. The eigenvalues were shown to be

1 "F" 1
+0 24_9_|_U + 6

o a0 UF7 - U F'"
2+0+W u” 2+9+W

{1, Ao}~ }

with 0 < Ay <1 and g > 1.
A canonical factorization of A gives A = Q@ 'AQ where Q is a matrix of eigenvectors and A is

a diagonal matrix of eigenvalues. Hence,

Qz11 = QAQ'Qz + QI — A)Q™'Qz"
or
w1 = Awe + (I — A)w*
where wy = (wyg, wer) = Qz and w* = Qz*. Hence, we have two equations determining two
variables:
wigrr = Awie + (1= A)wy
wapy1 = Aswa + (1= A2)wy
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As 0 < A1 < 1, the first equation shows that wi; follows a stable autoregressive process. As

A2 > 1, we rewrite the second equation as

*

war = Ay w1 + (1= A" w)

and solve it forwards to give

wyy = (1=A31)EZ A5 w3
= w;
It follows that
A O 1-X O
Wi41 = we + w*
0 0 0 1

and so the solutions for consumption and capital are obtained from z; = Q@ w; or

L A O . 1—-X 0
2e41 = Q7 Qz +Q Qz"
0 0 0 1
Thus, the dynamic paths of consumption and capital (i.e. the saddlepath) may be approximated

in the location of equilibrium by a stable first-order vector autoregression in which the parameters

(@) and A\ are obtained from A, and hence the model parameters.

2.6. In continuous time the basic centrally-planned economy problem can be written as: max-
imize foooe_etu(ct)dt with respect {c;, k:} subject to the budget constraint F'(k;) = ¢; + ky + Sk;.

(a) Obtain the solution using the Calculus of Variations.

(b) Obtain the solution using the Maximum Principle.

(c¢) Compare these solutions with the discrete-time solution of Chapter 2.

Solution
(a) The generic Calculus of Variations problem is concerned with choosing a path for z; to
maximize fooo Sz, x4, t)dt where z; = ddﬂt and x; can be a vector. The first order conditions (i.e.
of: d

the Euler equations) are o E(g—ﬁ) =0.
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Consider the Lagrangian for this problem
Lo = [2{e " ucy)dt + M[F (k) — ¢ — ke — Oke] bt
where \; is the Lagrange multiplier. We therefore define
F(@e, 2,t) = e Ptulc)dt + M[F (k) — o — ki — Oky]

and z; = {et, ki, A}’ The first-order conditions are

g—g - % g—fz = e %u(c)) =N\ =0
g_/j;i - %(g_i) = M[F'(k)— 8]+ X =0
g_fi_%(z_i) = (k) — o — oy — ke =0
Noting that
Moo= —0e % () + e_gt%[ul(ct)]
- eyl )
At{% -0} =0,

by eliminating the Lagrange multipliers we may obtain from the second first-order condition the

fundamental Euler equation

XA [U/(Ct)}
_dtt” AU o N
ey =Tk =50,

In steady-state, when ¢; is constant, this gives the usual steady-state solution for the capital stock

that F' (k) = 6 + 0.

(b) The Maximum Principle is concerned with choosing {z;, 2} to maximise [;°f (24, 2, t)dt

subject to the constraint z;(= 4t) = g(xy, z,t) by first defining the Hamiltonian function

h(e, 2, M) = [, 26, 1) + Aeg(@e, 2, 1)

The first order conditions are then
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The Hamiltonian for this problem is
h(.’Et, Zt, )\t) = e_etu(ct) + )\t[F(k‘t) — Ct — (Sk‘t]

where x; = k; and 2z; = ¢;. The first-order conditions are therefore

. Oh .
(i) a_kz = N[F'(kt) = 0] =—N
(ii) % = e % (c) =N\ =0

¢
... Oh .
(111) a—)\t = F(kt) — Ct — (Sk‘t = kt
¢

These are identical to those we derived using the Calculus of Variations and so we obtain exactly

the same solution.

(c) We have already noted that the steady-state solution for the capital stock is the same in

continuous and discrete time. Comparing the Euler equations. For the discrete case

U.
6$[Fk,t+1 +1-4]=1.

Ueyt
Hence
Bl + S i 410 =1
or

AUt _ Frip1—6—0
Ut Frip1+1-9

i,/
which may be compared with —% = F'(k:) — 6 — 0. Apart from the discrete change instead
of the continuous derivative on the left-hand side (where the limit is taken from above), the
differences on the right-hand side are the timing of capital and the presence of the demoninator.

As Fp 441 — 0 = riq1, the net rate of return to capital, and this is 6 in the steady-state, the
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denominator is approximately 1 + . This reveals that it is the different way of discounting in
continuous from discrete time, together with the treatment of time itself, that are the main causes

of the difference between the two solutions.

95



Chapter 3

3.1. Re-work the optimal growth solution in terms of the original variables, i.e. without first
taking deviations about trend growth.

(a) Derive the Euler equation

(b) Discuss the steady-state optimal growth paths for consumption, capital and output.

Solution

(a) The problem is to maximize
oo
> BU(Crss)
s=0

1—0o
where U(C}) = 91%0_1, subject to the national income identity, the capital accumulation equation,

the production function and the growth of population n:

Y, = Ci+1

AKiy1 = I, — 0K,
Yi = (1+p)KeN
Ny = (14+n)'Nyg, Noy=1

The Lagrangian for this problem written in terms of the original variables is

Chl—1

=2 1 [ﬁ

where ¢ = (1 + p)(14+n)17%) ~ (14 7)'~%, 5 =n+ t£-. The first-order conditions are

F s [0 = Crys — Kipsn + (1= 0) Ky}

a‘ct S Y—o
8Ct+s = f Ct+s - >\t+s =0 520

aﬁt = )\t+5[a¢t+sK§¥+;1 +1—- 5] - )\t—l—s—l =0 s>0
8Kt+5

Hence the Euler equation is

Cé+1)_a[a¢t+1K?+_jll +1-— 5] =1
t

A(
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(b) The advantage of transforming the variables as in Chapter 3 is now apparent. It enabled
us to derive the steady-state solution in a similar way to static models and hence to use previous
results. Now we need a different approach. If we assume that in steady state consumption grows

at an arbitrary constant rate v, then the Euler equation can be rewritten
B+ ad™ KRG +1 0] =1
Hence the steady-state path of capital is

K, = o Tagial

1

YT (L +)!

where ¢ = W%. Hence, in steady state, capital grows approximately at the rate

n=n+ £ as before.

The production function in steady state is

t T o Y= T
Vi = ¢'Kp =y TR

R

YT (L)

Thus output also grows at the rate 7.

The resource constraint for the economy is
Y, =Ci+ AKiq — 0K,
In steady state this becomes
YTTERGTR = 4 (9TF — Ly TEgTE — gy TR g
Hence steady-state consumption is

Ci = (2-¢T= + 0y TegTa’

(2 - ¢T5 4+ 8)p = (1 4 1)’

12
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implying that consumption grows at the same constant rate as capital and output, which confirms
our original assumption and shows that v = 1. We recall that, as the growth rates of output,

capital and consumption are the same, the optimal solution is a balanced growth path.

3.2. Consider the Solow-Swan model of growth for the constant returns to scale production
function Y; = Fle*' K, e"*N;] where pu and v are the rates of capital and labor augmenting
technical progress.

(a) Show that the model has constant steady-state growth when technical progress is labor
augmenting.

(b) What is the effect of the presence of non-labor augmenting technical progress?

Solution
(a) First we recall some key results from Chapter 3. The savings rate for the economy is

s =1— % = 44, the rate of investment I;/Y;. The rate of growth of population is n and of capital

AKyq1
K

= s{* — 0; the growth of capital per capita is A]Z—‘t“ = st — (0 + n) and the capital

is
accumulation equation is Aky11 = sy — (6 + n)k; where y, = Y;/N; and k; = K;/N;. Hence the

sustainable rate of growth of capital per capita is

. Ak Y
’7 - kt =S kt (6 + n)

For the given production function

Z—i = e FL, eV M ] = et Gle® g ]

and so
Y = s Gk — (5 +n)

For the rate of growth of capital to be constant we therefore require that ,% is constant. If p =0,
I/t-

and hence technical progress is solely labor augmenting, then we simply require that k; = e

The rate of growth of capital is then v + n.
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(b) If © # 0 then we have non-labor augmenting technical progress too. Consequently, in
general, we then do not obtain a constant steady-state rate of growth. For the rate of growth
of capital per capita v to be constant we require that the function G[.] satisfies e*G[e(*~#=7)]
being constant. If the production function is homogeneous of degree one then this condition holds
and non-labor augmenting technical progress would be consistent with steady-state growth. For

an example see the next exercise.

3.3. Consider the Solow-Swan model of growth for the production function Y; = A(e"* K;)*(e’* N;)?
where p is the rate of capital augmenting technical progress and v is the rate of labor augmenting
technical progress. Consider whether a steady-state growth solution exists under

(a) increasing returns to scale, and

(b) constant returns to scale.

(c) Hence comment on the effect of the degree of returns to scale on the rate of economic
growth, and the necessity of having either capital or labor augmenting technical progress in order

to achieve economic growth.

Solution
(a) Increasing returns to scale occurs if a+ 3 > 1. We use the same notation as in the previous
exercise, and note that if a steady-state solution exists, then the sustainable rate of growth of

capital per capita must satisfy

- Ak Y
fy - kt =S kt (5 + n)

It follows from the production function and the growth of population N; = €™ that

y_z = Ae[aﬂ""/@V-i'(OH—ﬁ—1)n]tk;(lfo¢)

hence

y = SAe[alﬁﬁer(aJrB*1)"]%;(1*‘1) —(6+n)
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For the rate of growth of capital per capita to be constant we therefore require that

autBrt(atB—1)n
kt =e€ 1-c ¢

i.e. that

_ap+Pr+(a+B—1)n
B -«

Consequently, a steady-state solution exists for any o + 5 > 0 or any p, v > 0, and this also
satisfies

y=8A—(6+n)

which is constant.

(b) If there are constant returns to scale « + 8 = 1. In this case

v = sAe[O‘“Hl*a)”]tkt_(l_a) —(6+mn)

For the rate of growth of capital per capita to be constant we therefore require that

apt(l—a)v
ki=e¢ 1-a t

i.e. that

ap+ (1 —a)y
l-«o

(c) Comparing the two cases we note that, if there is no technical progress, so that u =v =0,

then, with non-constant returns to scale, the rate of growth is

(a+B—-1)n
1—«

Hence, ~ E Das a+ E 1. In other words, even without technical progress, there is positive
growth if returns to scale are increasing but, if there are constant returns to scale, then v = 0 and

so technical progress is required to achieve growth.
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The results in Exercises 3.2 and 3.3 also hold for optimal growth which, in effect, simply adds
the determination of the savings rate to the Solow-Swan model. In steady-state growth this is
constant.

(ii) We have also shown that with a Cobb-Douglas production function it is possible to achieve
steady-state growth with a mixture of capital and labor augmenting technical progress, or with

just capital and no labor augmenting technical progress.

3.4. Consider the following two-sector endogenous growth model of the economy due to Rebelo
(1991) which has two types of capital, physical k; and human h;. Both types of capital are required

to produce goods output y; and new human capital i?". The model is

Yo = o tip
Akt+1 = Zic - 5kt
-h
Aht+1 = 1 — 5ht

Yo = A(Qky)*(uhe)' ™

i = A= @kJ[(A— p)he]' ™

where i} is investment in physical capital, ¢ and p are the shares of physical and human capital

1—0o
Cits

used in producing goods and a > . The economy maximizes V; = X2 (5" 5=

(a) Assuming that each type of capital receives the same rate of return in both activities, find
the steady-state ratio of the two capital stocks
(b) Derive the optimal steady-state rate of growth.

(¢) Examine the special case of ¢ = 0.

Solution
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(a) Eliminating y;, if and i?, the Lagrangian for this problem may be written as

1—0o

C S « —Q
Ly = Eﬁo{ﬂsﬁ F At [A(Phigs)* (htrs) ™ = Cops — Krpsrr + (1= 0)kis]

e [AIL = ks [(L = i hess] ™ = heagr + (1= )]}

This must be maximized with respect to cits, ki1s, ht4+s and the Lagrange multipliers A;1 s and

V¢ts- The first-order conditions are

0L

OCts - Bsct_fsfkt'*‘s =0 520
0L, Okt ts \_(1- (1= P)ktys, (1

= Ao A(ZEER ) =0-0) L1 5] a1 4y ae(l — ) A D) _ g g5
Dl t4s [ (Mht+s) ] = Atgs—1 + Vps8(1 = 9) [(1—M)ht+s]
0Ly Pkt s (1 — d)ktts

= Ars(1— Ay oy 11— ) (1 — ) A D9 ) 5}y =0, 5> 0
D t4s( )i (uht+s> Vs {1 =) (1 = p) [(1—u)ht+s] b= Yegso1

Consider s = 1. As each type of capital receives the same rate of return, .11 say, then the net

marginal products for the two types of capital satisfy

k —(1-a)
(1 — ¢)kt+1 : _
(1-5)(1-#)14 l:m} -6 = Tt41

and 7,1 will be constant. From the rates of return, the steady-state ratio of the capital stocks is

k [aqﬁ(%)(la)[i—_qb]a] ==

=

(L—e)(1—n

~—

(b) If a steady-state solution exists then c¢;, k¢, hy all grow at the same rate n, say. From the
first first-order condition A\i11 = B(1+n)"7X; and v, = B(1 + 1)~ 77,;. The last two first-order

conditions can be written as the system of equations

arx+by, = 0

cAh+ay, = 0
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where a, b and ¢ are the constants

a = Bl4+r)—1A+n)°
1 T+5 _%
b = — AT | ———
el - o [ =5
. - B(l—a)uAﬁ |:TO:;5] T-a
Hence,
M_ b _ @

Tt a
or a = +vbe. Only a depends on 7 and assuming that § = Fle we have a ~ r — 0 — on. Hence

7, the steady-state rate of growth of ¢, k¢, hy, is

ngl[r—e—a]
o

. . eyl . . .
As a is proportional to (r + §) [r25+73 ], we can express 7 as a function just of ,—’j; a decrease in

k .
7 would raise 7.

(¢c) If £ = 0 then k; is not required in the production of h;. The consumption Euler equation

is then the familiar expression

Ct

ﬂ(Ct_Jrl)_ <1+Tt+1) =1
or

Ct ,Uht+1

Thus, the steady-state rate of growth of consumption is

_ 1+ %_1
T = 1+
1
~ —(r—0
~(r-0)

Asfp = ﬁ, then if private saving continues until its rate of return equals that of private capital k,
the steady-state growth rate is zero. In contrast, in part (b) due to human capital accumulation,

we can have economic growth even if r = 6.
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Chapter 4

4.1. The household budget constraint may be expressed in different ways from equation (4.2)
where the increase in assets from the start of the current to the next period equals total income
less consumption. Derive the Euler equation for consumption and compare this with the solution
based on equation (4.2) for each of the following ways of writing the budget constraint:

(a) arr1 = (14 7r)(ar + x¢ — ¢t), i.e. current assets and income assets that are not consumed
are invested.

(b) Aa; + ¢ = x4 + raz_1, where the dating convention is that a; denotes the end of period

stock of assets and ¢; and x; are consumption and income during period t.

(c) Wy =322, (fitf)s =32, (fjr*;) + (1 +r)at, where W; is household wealth.

Solution

(a) The Lagrangian is now defined as

Lo=Y {BU(ctrs) + Avwsl(1+7)(arss + Teas — Cras) = arrsrn]}
s=0

The first-order conditions are

9Lt U ) — Ma(141) =0 530
3Ct+s
oL

L= Ags(I47) = Ags1 =0 >0
aat-|—s

Once again, eliminating A;; s and setting s = 1 gives the Euler equation

6U/(Ct+1)
—(1 =1
U’(ct) (1+r)
(b) The Lagrangian is now
Ly = Z{IBSU(CHS) + Mps[@eps + (L +7)A14s—1 — Crps — Qrgs) }
s=0

The first-order conditions are

oL
= U (Crys) — Mys =0 s>0
8Ct+s
oL
= Agst1(14+7) = A5 =0 s>0
8a't-i-s
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Eliminating A;ys and setting s = 1 again gives the Euler equation %(1 +7r)=1.

(¢) In this case the Lagrangian only has a single constraint, and not a constraint for each

period. It can be written as

£ =328 Uler) + M3 “HEo e nad}

As a; is given, we only require the first-order condition for ¢;1,, which is

oL sras 1
= B (crps) — M———— = >
ﬂ (Ct+ ) t (1 T‘)S 0 S 0

8ct+s

Combining the first-order conditions for s = 0 and s = 1 enables us to eliminate \; to obtain

At = BU (ct1) (1 +7) = U'(ct)

or %(1 +r) = 1, the same Euler equation as before.

We have shown, therefore, that expressing the household’s problem in any of these three

alternative ways produces the same Euler equation as in Chapter 4.

4.2. The representative household is assumed to choose {¢;, ¢;41,...} to maximise V; = >0 ) 8°U (¢is),
0<p= 1—J1FG < 1 subject to the budget constraint Aa;41 + ¢; = x4 4+ 11a; where ¢; is consumption,
x4 is exogenous income, a; is the (net) stock of financial assets at the beginning of period ¢ and r
is the (constant ) real interest rate.

(a) Assuming that 7 = 6 and using the approximation % = 1—0Alncs41, show that

optimal consumption is constant.

(b) Does this mean that changes in income will have no effect on consumption? Explain.

Solution

(a) In view of the previous exercise we go straight to the Euler equation which we write as

BU'(ct41)

U/(Ct) (1 +T) =1
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Using the approximation % = 1—0Alnc;41 and noting that » = 6, the future rate of growth

of consumption along the optimal path is

-0
AlnctJrl:T =0
g

i.e. optimal consumption is constant.

(b) Strictly, this result should be interpreted as saying that the future optimal level of con-
sumption is the same as the curent level of consumption if current and future income are correctly
anticipated in period ¢. In other words, correctly anticipated income has no effect on consumption
beyond that already incorporated in current consumption ¢;. However, if future income is not
correctly anticipated then this result no longer holds. In order to analyse this case we should
take explicit account of the role of expectations; so far we have ignored the distinction. Thus, we

should express the above result as (see Chapter 10)
Eicip1 = ¢

From the inter-temporal budget constraint, in period ¢ expected optimal consumption is
> x
t+s
g =rk — +ra
t t E , t

s=0

and cgy1 is expected to be

o0
Lt 1
Eici1 =rEy E At J::;;H + rEiai
s=0

But in fact it is

(o9}
Lt4s+1
cir1 = Brpicipr =B Z At + a1
s=0
Hence,
[ee]
By 12541 — Eyvygs1a
Cryr — Brerpr =1 | + r(as41 — Erarir)
—~ (1+7)

Because a;y1 is given at the start of period ¢ + 1, we have a;11 — Frarr1 = 0. Thus, any change

in the expectation of income between periods ¢ and ¢ + 1 would have an effect on consumption in
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period t 4+ 1 - and beyond. In particular, consider an unanticipated increase in income solely in

period t + 1 so that Eixy11 # Eyp12¢41 = x441. It follows that

Ct+1 — EtCt+1 = ($t+1 - Et$t+1) 7é 0

r
1+r
even though we still have ¢;11 — Fycip1 = ¢ip1 — ¢ In other words, income can affect optimal

consumption; for example, an unanticipated change in future in income will affect consumption.

4.3 (a) Derive the dynamic path of optimal household consumption when the utility func-

(thht)l_a

—— and

tion reflects exogenous habit persistence h; and the utility function is U(c;) =
household budget constraint is Aag1 + ¢ = x4 + ray.
(b) Hence, obtain the consumption function making the assumption that S(1 +r) = 1. Com-

ment on the case where expected future levels of habit persistence are the same as those in the

current period, i.e. hyys = hy for s > 0.

Solution

(a) From Exercise 4.1 the Euler equation for this problem is

Ct+1*ht+1 -7
_— 1 =1
Blem=] e

or

Cry1 — hpyr = [B(1 + T)]_%(Ct —hy)

Hence consumption follows a simple difference equation.

(b) To obtain the consumption function we solve the budget constraint forwards to get

oo Ct+s — Tts

ap = SZOW

Hence,

B e L P e
a = s=0 (1 + ?“)S+1

0o Ltts — ht+s 1
= - —————. — — J— h
s=0 (1 4 p)stt (e = he)
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The consumption function is therefore

Tt4s — ht+s

¢ =h +1r¥52, 157"

If hytys = hy for s > 0, then this reduces to the standard consumption function

4.4. Derive the behavior of optimal household consumption when the utility function reflects
habit persistence of the following forms:

(8) Uler) = — L2352l ey = yep1)

(b) Uler) = Ll =

where the budget constraint is Aayy1 + ¢ = ¢ + ray.

(c) Compare (b) with the case where U(c;) = lemh) ™2 opq ht is an exogenous habitual level

l1—0o

of consumption.

Solution

(a) The Lagrangian is

o 2

Cits — YCits—

Ly = E {Bs[*( = ’; t+o-1) +a(Crs = VCrps—1)] + Migs[Tiqs + (1 +7)014s — Cogs — Qrgsg1]}
s=0

The first-order conditions are

0L

Ocrrs —B°lor = (ceqs — Yerrs—1)] — B Y[ = (Coporr — Veras)] = Mgs =0 $>0
oL

L = At+s(1+7ﬂ)_>\t+s—lzo s>0
8at+s

The Euler equation is

Bla — (ceqsr1 — Yeres)] + Byla — (cryst2 — Yertpstr)]
[ = (etys — Yerrs—1)|B7]a — (Ctrst1 — YCiys)]

1+r)=1

From the Euler equation it can be shown that consumption evolves according to a third-order

difference equation.
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Introducing the lag operators Lc; = ¢;_1 and L™lc; = ¢;41, and assuming that 3(1 +7) > 1,

the Euler equation can be written as

1

L)1+ ByL ey = a(1+ By)(1 — Bt

(1—~L)(1 - )

_
B(l+7r)

Hence there are two stable roots % and B(1 4+ r) and one unstable root _6_17' The change in

consumption therefore has a saddlepath solution. But as the right-hand side is constant, so is the

forward-looking component of the solution. This can be seen by writing the solution as

1 1 oo s
(1—~L)(1— mL)Ct = a(l+8y)(1 - m)zszo(—ﬁﬂ
= ol - ;)
o ( B(l+7)

Consequently, the solution reduces to a stable second-order difference equation.
We note that if (1 +r) =1 then the solution has a unit root and the right-hand side is zero,
ie. it is
Acir1 = YAc
This solution can also be written as A(ciy1 — yer) = 0, which is the form in which dynamics are

introduced in the utility function.

(b) The Lagrangian is now

e 1-o
. (G — YC _
ﬁt = E {ﬂé ( i+s ;/_t-‘;-s 1) + >\t+s[mt+s + (1 + T)at+5 — Ct4s — at+5+1]}
s=0

and the first-order conditions are

8[: s —0o s —0

3 L =3 (Cips — Yerrs—1)"7 = By (Corsp1r — Yetrs) 7 — Aigs =0 s>0
Ctts

oL

—— = )\t+5(1+7”)—)\t+571 =0 s>0

aat+s

The Euler equation is therefore

Blerrr —ver) ™7 — B2y(cepn — yer1)™°
(et —yei—1)77 = By(cigr — vee)—°

14r)=1
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This is a nonlinear difference equation which has no closed-form solution.
An alternative is to seek a local approximation to the Euler equation which does have a solution.
The Euler equation can be re-written in terms of the rate of growth of consumption, 7, say. It can

then be shown that the Euler equation can be approximated by a second-order difference equation

in n,.

(¢) Comparing these two habit-persistence models with that of Exercise 4.3, we note first that
choosing an exogenous level of habit persistence, as in Exercise 4.3, greatly simplifies the analysis.
But, especially in empirical finance, it is common to implement exogenous habit persistence by
replacing h; in the Euler equation for Exercise 4.3 by ~v¢;—1. Whilst it it makes sense to base
habit persistence on past consumption, it is clear from Exercise 4.4 that this assumption should
be introducing from the outset and not after the Euler equation is obtained as the solutions are

very different.

4.5. Suppose that households have savings of s; at the start of the period, consume ¢; but
have no income. The household budget constraint is As;1; = r(s; —¢¢), 0 <r < 1 where r is the
real interest rate.

a) If the household’s problem is to maximize discounted utility V; = 32 ,5°Inc;y swhere
( ) p y s=0 +

_ 1
8=k,

(i) show that the solution is ¢;y1 = ¢

(ii) What is the solution for s;?

(b) If the household’s problem is to maximize expected discounted utility V; = F;X5° 8% In¢py s

(i) show that the solution is - = E}[—]
t Ct+41

(ii) Using a second-order Taylor series expansion about ¢; show that the solution can be

written as B[ 295 ] = F (2t )?]
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(iii) Hence, comment on the differences between the non-stochastic and the stochastic

solutions.

Solution
(a) (i) The Lagrangian is
L= Z{ﬁz cpi+ Aep[(1+7) 840 — rCrpi — Seital}
i=0

and the first-order conditions are

oL, ;1 ;

= 4 —_ . = >
8ct+i B Cors >\t+zr 0 1 = 0
0L

astJri = >\t+i(1 + T‘) — /\t+i—1 =0 1>0

The Euler equation is

Bes(1+7r) 1
Ct41
Hence ci41 = ¢;.
(ii) From the budget constraint,
(s )
s = T
t 1+r St+1 Ct

- 00 Ct+i
= 50 1L+ 7t

= Ct

(b) (i) Introducing conditional expectations and using stochastic dynamic programming gives

the result for the Euler equation given in Chapter 10. This is

BU'(ct11)

ey

(I+r)=1

As U(ct) = In¢y, this becomes

E 1
Bled) g4y =1

Ct
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hence

Z = E(—
Ct t<Ct+1)

(ii) Expanding F;(=1-) in a second-order Taylor series about c; gives

Ct41
1 1 1 1
E = P _E - —E — 2
t(Ct+1> e t(cepr — ) + 3 t(Cip1 — ct)
1 1 Ac 1 Ac
= — - —E(—)+ —B(—)
G G Ct Ct I

The Euler equation therefore implies that

ACt+12
= B, (—H
) = B(= )

Ac
Et(ﬁ

(iii) The diference between the stochastic and the non-stochastic solutions arises because

1 1
Et(ﬁ) 7 Ei(ciy1)”

4.5. Suppose that households seek to maximize the inter-temporal quadratic objective function

1
1+7r

1 =,
Ve= _§Et gﬂ [(ctrs =) + Darrst1 — arss)’], B =
subject to the budget constraint
Ct + at+1 = (1 —|— T)at + Tt

where ¢; is consumption, a; is the stock of assets and z; is exogenous.

(a) Comment on the objective function.

(b) Derive expressions for the optimal dynamic behaviors of consumption and the asset stock.

(c) What is the effect on consumption and assets of a permanent shock to z; of Az? Comment
on the implications for the specification of the utility function.

(d) What is the effect on consumption and assets of a temporary shock to z; that is unantici-
pated prior to period 7

(e) What is the effect on consumption and assets of a temporary shock to x4 that is antici-

pated in period t?
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Solution

(a) The objective function may be regarded as an approximation to the standard problem of
maximizing the present value of the discounted utility of consumption where the utility function
is approximated by a second-order Taylor series expansion. In the case of x; stationary about a
constant value, the optimal solution to the standard problem is a constant level of consumption
which is represented by v and a constant level of assets a;. If the aim is constant assets as here,
then from the budget constraint

Ct =Tra; + Tt

hence, intuitively, for stationary x;

E(et) =~ =rE(a) + E(x)

(b) The solution may be obtained most easily by eliminating the term in the change in the
asset stock in the objective function by substitution from the budget constraint. The objective

function then becomes

1o s
Vi= _§Et ; B (cers = 1) + d(ravs + Tops — cors)’]

Maximizing this with respect to ci+s and asys gives the first-order conditions

AV,
8—t = *58Et[(ct+s - 7) - ¢(Tat+s + Trps — Ct+s)] =0, s2>0
Ct+s
oV, s
7 t = 7(;5['3 TEt(Tat—l—s + Ttts — Ct—i—s) = 0, s>0
At 4s
Hence
1
Eiag s = ;Et(CtJrs — Tyys)
and so

FEiciyrs = v, s2>0

1
(v — Erxpys), s>0

Etat+s = =
T
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where a; is given. In long-run static equilibrium this implies that E(c) = E(z) = v and E(a) = 0.
If z; were growing over time then intuitively the optimal level of consumption would grow with

Tt.

(¢) A permanent increase in z; unanticipated prior to period ¢ will have no effect on ¢; which
will remain equal to . But it will reduce the stock of assets by %, where Az is the permanent
change in ;.

This is an implausible result. It is due to the constant target of v for consumption which, as
noted, only makes sense if the mean of x; stays constant. A more plausible specification for the
utility function would set target consumption at the new mean value of ¢, namely, E(x;)+Az. In

this case optimal long-run consumption would increase by Az and assets would remain unchanged.

(d) An unanticipated temporary increase in x; of Az; will have no effect on ¢; but will raise

Gtt1y g2y Ctt3yee--- From the budget constraint
a1 = (I+7r)ap+as+ Axy —
arro = (L4+7r)ag1+x—7

= (L+7)2a+ 2+7) (v —7) + (1L +7)Az,
agy3 = (L+r)agr +x—7

= (14 r)gat + Z?:O(l + T)Fl(:ct -+ 1+ T)QAZEt

Hence, HILI& Eiaiy, = 0o. Again this makes little sense.

Recalling our previous discussion that a plausible target for consumption is FE(x;) rather than
v, the second term for a;y3 would be zero. It then follows from the budget constraint that
at+1 = (1 + r)a; which requires that a; = 0, i.e. consumption is entirely from non-asset income
and total savings would be zero. The first term for a;13 is now eliminated. Finally, we note that
shocks to z; are a mean zero process. This implies that in the future negative shocks are expected

to offset positive shocks implying that on average a; is zero.
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(e) A temporary increase in x;41 anticipated in period ¢ does not affect consumption as
FEiciys = v for all s. But it will affect the stock of assets in every period from period ¢ + 1.

In period t + 1

EtatH = (’Y - Et$t+1)

(v — 2 — Ax)

Il= 3=

As Eix1 11 = x4, in period ¢ + 2, from the budget constraint,

Eiarro = (14+7r)Eiarr + Erxpyo —
_ %(7_%) LRy
Similarly, in period t + 3
Eiarrs = (14r)Eiaiio+ Eyxpig —
R e

Following the logic of parts (c) and (d), v = a4, a; = 0 and E(Az) =0, hence lim Eias4,, = 0.

4.6. Households live for periods ¢t and £+ 1. The discount factor for period t+1is § = 1. They
receive exogenous income xz; and z;41, where the conditional distribution of income in period ¢+ 1
is N(z¢,0?), but they have no assets.

(a) Find the level of ¢; that maximises Vi = U(er) + ErU(ceq1) if the utility function is
quadratic: U(c;) = —3¢f + ac, (a > 0).

(b) Calculate the conditional variance of this level of ¢; and hence comment on what this

implies about consumption smoothing.

Solution
(a) This problem can be expressed as maximizing

1
V, = —§(Ct2 + Etcfﬂ) + afer + Erergn)}

(6]



with respect to ¢; and cq41 subject the two-period inter-temporal constraint
¢t + Eicy1 = x4y + Erxg 1

The Lagrangian is

1
‘Ct = 75(6% + Etcf_H) —+ O((Ct —+ Etct—l—l) —+ /\($t + Etxt-l—l — Ct — Etct—i—l)

The first-order conditions are

oL
8—0: = —C + o — )\ =0
oL
t = —EtCt+1+a—>\:0
8Ct+1

Hence,c; = Eici41. From the two-period budget constraint,
1
ct = 5(% + Eixyq1) = a4
Optimal consumption in period ¢ is therefore half cumulated total expected income which is x;.

(b) As z; as known in period ¢, the conditional distribution of ¢; is N(xy, "TQ) Hence inter-
temporal optimization has resulted in reducing the volatility of consumption compared with that

of income. In other words, consumption smoothing has occurred despite the absence of assets.

4.7. An alternative way of treating uncertainty is through the use of contingent states s?,
which denotes the state of the economy up to and including time ¢, where s* = (s¢, s¢—1,...) and
there are S different possible states with probabilities p(st). The aim of the household can then be
expressed as maximizing over time and over all possible states of nature the expected discounted
sum of current and future utility

StsB8'p(s")Ulc(s")]

subject to the budget constraint in state s

o(s") + a(s") = [L+r(s)a(s"™") + a(s")
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where ¢(s?) is consumption, a(s?) are assets and z(s?) is exogenous income in state st. Derive the

optimal solutions for consumption and assets.

Solution

The Lagrangian for this problem is
L =3 {B'p(s)ULe(s")] + AL +r(s))a(s™") +a(s") — c(s") — als")]}

where \(s?) is the Lagrange multiplier in state st. The first-order conditions are

oL e .
ey = PPEUlN] - A =0

oL st (] A(st) =
Py = MR- M) =0

5‘£ t t—1 ¢ ‘ o
(st = [1+rsHa(s™h) +x(sh) —c(s') —a(s’) =0

Hence, eliminating the Lagrange multipliers, gives the Euler equation

5p(3t+1)U/[C(5t+1)] r(stt1)] =
P LT rETI=1

We note that

p(StH) _p(5t+175t) — p(stt1/st) = p(s st
p(St) - p(St) ( / ) _p( t+1/ )

i.e. the conditional probability of s;;; given s. Consequently, the right-hand side of the Euler
equation is, once more, the conditional expectation given information at time ¢ of the discounted

value of one plus the rate of return evaluated in terms of period ¢ utility. The optimal solutions

for consumption and assets are therefore as before.

4.8. Suppose that firms face additional (quadratic) costs associated with the accumulation of

capital and labor so that firm profits are
a, l—o . 1 2 1 2
Iy = Akg'n, ™ —winy — iy — §N(Akt+1) - §V(Ant+1)

where p, v > 0, the real wage w; is exogenous and Ak = iy —dk;. If firms maximize the expected

present value of the firm F;[322,(1 + ) ~°I;4],
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(a) derive the demand functions for capital and labor in the long run and the short run.
(b) What would be the response of capital and labor demand to
(i) a temporary increase in the real wage in period ¢, and

(ii) a permanent increase in the real wage from period ¢?

Solution

Combining the given information and eliminating i, the firm’s problem is to maximize
00 —5 a -« 1 2 1 2
Vi = BB (1+r) T ARS ne g — Weasfers = Kepsar (1= 0)kets = Sp(Aktysir)” = Sv(Anes)7]

The first-order conditions are

% _ —a _
an—t = E{(1+7r) (1 - Ak nils — wis — vAn ] + (14 7) T 0An 0]} =0,
t+s
oVy _ ol 1-a (e
B — = E{(1+7) " ledkfniid + 1= 0+ plkis] — (14 7) OV = pAkigs]} =0,
t+s
For s = 0 the labor first-order condition can be written as
1 1 o, —Q
Ant = mAnt+1 + ;[(1 — O[)Akt ny — — Wt (5)
Thus, in steady-state, labour is paid its marginal product
k (0%
For s = 1 the first-order condition for capital can be written as
1 a—1_1l-«
Akryr = 7 Ak + m[o‘Akt-&-l nyip =6+ (6)

implying that in steady state capital is paid its net marginal product
k —(1-a)
F,é—ézaA(—) —o=r
n

Given r and w we can solve for the steady-state values of k and n from the two long-run conditions.
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In the short run, the dynamic behavior of labor and capital is obtained from equations (5) and

(6). Both labor and capital have forward-looking solutions:
Ang = CEEE(1+7) (- o) Ak il — wie]
Akppr = iEtE;’iO(l +r) e ARY L T — 0+ 7]
Thus current changes in labor and capital respond instantly to the discounted sum of expected
future departures of their marginal products from their long-run values. And since the marginal

products depend on both labor and capital, the two current changes are determined simultaneously.

We note that, despite the costs of adjustment of labor and capital, the changes are instantaneous.
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Chapter 5
5.1. In an economy that seeks to maximize 26 Inc,ys (8 = 1—iT) and takes output as given
the government finances its expenditures by taxes on consumption at the rate 7; and by debt.
(a) Find the optimal solution for consumption given government expendtitures, tax rates and
government debt.
(b) Starting from a position where the budget is balanced and there is no government debt,
analyse the consequences of

(i) a temporary increase in government expenditures in period ¢,

(ii) a permanent increase in government expenditures from period ¢.

Solution

(a) The national income identity for this economy can be written as

Yt =Ct + Gt
and the government budget constraint is
Abt+1 + Tt = Gt + ’l"bt
Ty = T

The resource constraint for the economy is therefore
yr = (L+7¢)cr +rby — Abpa
The Lagrangian is
Ly = Z:O {8 erps + Avgslyers — (U Tegps)errs = (14 m)brps + bigsga]}

The first-order conditions are

oL 1

L = p° - )\t+s(1 + Tt+s) =0 s>0
Octts Ct+s
oL

t = )\t+5(1+’l") _>\t+571 =0 s>0
8bt+s
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The Euler equation is therefore

& (1+7’t)

14+7r)=1
Ct1 (1+Tt+1)( )

or, as 3 = g

Ct (1+Tt) -

cir1 (14 Teg1)
In steady-state, when consumption is constant, so are the consumption tax rates. But in the short
run, in general, tax rates must vary in order to satisfy the government budget constraint and this

will affect consumption.
(b) From the government budget constraint we have

1
by = m[btﬂ + Teer — g4

o 1 s+1
Zs:o (1 + ’I") (TtJrSctJrS - gt+s)

if the transversality condition lim, o, 22 (1 +7)~(TYp, o = 0 holds. If the initial level of debt

is zero and the budget is balanced then

[e) 1 s+1
0= 25:1 (1 + 7") (Te4sCirs — Gits)

as g+ = T¢¢;. From the Euler equation
(1 + Tt)ct = (1 + Tt+1)ct+1

Hence,

0 1 s+1
0 = Zs:l (1 7“) [(1 + TtJrs)CtJrs — Ct4s — gt+s]

(1+7¢)ee % 1\ s+
- % - Zs:l 147 (Ct+5 + gt+s)

+

Or, as gy = T¢Ct,

IS 1 s+1
Cct + gt ZTZS:l <1—|—T> (Ct+s +gt+8>
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And, as y; = ¢t + g+, with y; given, it follows that for all s > 0 an increase in gy, must be match
in each period by an equal reduction in c¢;4s. But this implies that tax revenues would be cut if
tax rates were unchanged. Because the government budget constraint must be satisfied, it follows
that either 7,44, or debt, or both must increase as 7,45 < 1.

(i) A temporary increase in g; of Ag is offset by an equal temporary fall in ¢;. Depending on

the size of Ag, this could be paid for by an increase in 7, of At if

gt + Ag = (1¢ + A1) (er — Ag)

and

Tt+ATS1

But debt finance of

Ab= g+ Ag— (¢ + A7) (e — Ag)

would be required if 74 + A7 would otherwise exceed unity.

(ii) The general principle established in Chapter 5 that, in order to satisfy the intertemporal
budget constraint, a permanent increase in government expenditures must be paid for by addi-
tional taxation, puts a constraint on the allowable size of the permanent increase in government
expenditures. Assuming a constant level of output and a constant tax rate of 7; in each period,
the maximum possible increase in taxes is 1 — 74 and hence the maximum increase in government
expenditures must satisfy

gt +Ag<c—Ag

And as initially g; = 7:c; we obtain

1—7
Ag < oy It
T
or
Ag 147
gt 2Ty
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Hence, the maximum proportional permanent rate of change of government expenditures cannot

exceed half the proportional rate of increase in the rate of tax.

5.2. Suppose that government expenditures g; are all capital expenditures and the stock of

government capital G; is a factor of production. If the economy is described by

Y = it g

g = ARG
Aoy = iy — ok
AGi1 = g —0Gy

and the aim is to maximize X2 ,5° In ¢py s,
(a) obtain the optimal solution.

(b) Comment on how government expenditures are being implicitly paid for in this problem.

Solution

(a) The resource constraint is
APGE = cp 4+ kg — (1= 8)ke + Gyy1 — (1 — 6)Gy
The Lagrangian for this problem is therefore
Ly =X20{B° Incirs + Aeys[Akf Gird — cis — kprsir + (1 — 0)kiys — Grpspr + (1 — 6)Grps}

The first-order conditions are

oL 1

=t = B — Apys =0, s>0

act+s 6 Ctts o

aﬁt = )\t_i'_S[O(Akto:'__sthl_;g +1— (ﬂ — >\t+s—1 = 0, s>0
8kt+5

aﬁt = >\t+s[(1_a)Ak?+sG;fs+1_5] _/\t+s—1 :O, s>0
8Gt+s
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The consumption Fuler equation for s = 1 is therefore

66 o —a BC o —a
ﬁ[aAktHlG,}H +1-4]= c;:l[(l — ARG 1 =0 =1

Suppose that in steady state consumption grows at the rate 7, and the two types of capital have

the same rate of return r;; where
T = aAkP S G — 6= (1 — ) Ak, G — 6

In steady state, therefore,

and the steady-state rate of growth of consumption is
n=r—=0

Consequently, if g = then growth is zero: private saving is continued until its rate of return is

1
110’
the rate of return to private capital. Government capital expenditures, if optimal, continue until

their rate of return is the same as the rate of return on private capital.

(b) Government capital expenditures must be paid for by taxes or borrowing. As there is no
debt in the model we may assume that taxes are being used instead and, in particular, lump-sum
taxes. To make this explicit we could re-write the national income identity so that private saving

(income after taxes less total expenditures) equals the government deficit:

(ye —Ty) —ce —ip =g — Ty

5.3. Suppose that government finances its expenditures through lump-sum taxes Ty and debt

bs but there is a cost of collecting taxes given by

1
O(T) = 1T + §¢2Tt27 (T) > 0

84



If the national income identity and the government budget constraint are

Yt ¢+ gi + (1)

Abir +Ty = gr +7b + (T3)

where output y; and government expenditures g; are exogenous, and the aim is to maximize
3208°U(crys) for f = 1,
(a) find the optimal solution for taxes.
(b) What is the household budget constraint?
(¢) Analyse the effects on taxes, debt and consumption of
(i) a temporary increase government expenditures in period ¢

(ii) an increase in output.

Solution
(a) Taking into account the two constraints, as both y; and g; are exogenous, the Lagrangian
is

1

Ly = E?io{ﬂsU(CtJrs) + )\t+s[yt+s = Ctys — Gt+s — P1Ttrs — §¢2Tt2+s]

1
FrrslGirs = birsrr — (L +7)bigs — Ty, + &1 Tiys + §¢2Tt2+s]}

The first-order conditions with respect to consumption, taxes and debt are

oL = B°U'(cirs) — Aixs =0, >0
Octis
oL
T, = —(¢1 + P Tt s) Atrs — ,UH_S(I — ¢ — O Tr4s) =0, s>0
oL
= = (L+7)ygs — tyys—1 =0, s>0
abt+s

It follows that the consumption Euler equation for s =1 is

BU/(CHl) O1+PTi1 11— ¢y — Ty
Uler) ¢1+ 0T 1— 0 — T

1+r)=1

Recalling that §(1 + ) = 1, there are two solutions to the Euler equation:
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(i) ¢t = ¢t41 and Ty = Tyyq, implying that optimal consumption and taxes are constant. This
solution is a general equilibrium version of the partial equilibrium solution of Chapter 5 (see
5.7.2.5).

(ii) The alternative solution is the dynamic equation

Ufer)  _ Ulle)
1_

1 1——1
P1+d. T b1+ T4

(b) The implied household budget constraint is obtained by combining the national income

identity and the government budget constraint and is

— Ty +7bs = ¢ + Abyyy

(c) We take a constant steady state as the optimal solution in answering part (c) and we re-write
the optimal solutions introducing conditional expectations so that ¢; = Eyci1 and Ty = EyTy4 1.
(i) Assume that g = g+¢¢, where ¢; is the temporary increase in period ¢. From the government

budget constraint

Ty — g
by = Eb
t s +1+ t0t+1

_ Tits — Gits
— Etzs()( 1_’_,],.s+l

_ gt+.s
B tzg 0 1+7’5+1

Tt g £t
T T 1+7r

As b is given, it follows that in period ¢

Tt:g-i-’l"bt-i-?é't

T; must therefore increase by Tr7¢t in order that the GBC is satisfied. And in period t + 1, as

FEierr1 =0 and Ey T = Ty, it follows that

Tt+1 g Et4+1

r 1+7r

bt+1 =
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with

E\T,
Eibi1 = Sl 9
r r
_ 5y
roor
Et
= b
1M—l—l—r
From the household budget constraint
ce = yr— Ty +rby — Abiyy
= g — (g b+ ——e0) + (L4 7)by — (b + ——)
= U g t 1+Tt t t Trr
= Yt —g—¢&t

Thus consumption is cut by ;. This result for consumption could also be obtained directly from
the national income identity.
(ii) An increase in income, whether temporary or permanent, will raise consumption and have

no effect on either taxes or debt.

5.4. Assuming that output growth is zero, inflation and the rate of growth of the money supply
are 7, that government expenditures on goods and services plus transfers less total taxes equals z
and the real interest rate is » > 0,

(a) what is the minimum rate of inflation consistent with the sustainability of the fiscal stance
in an economy that has government debt?

(b) How do larger government expenditures affect this?

(c) What are the implications for reducing inflation?

Solution
(a) We begin by stating the government budget constraint in terms of proportions of GDP (see
Chapter 5, section 5.4)

Pge By A+ R)By  PTi  Biya My My
Py Py Py Py, Py, Py Py
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When growth +, is zero, inflation 7 is constant and money grows at the rate 7 this can be written

as
h b T; b m
T (LR =L (L)
Yo Yt Yt Yt Yt+1 Yt
where % = %, a constant. In terms of the ratio of the primary deficit to GDP % this becomes
b _ g e T
Yt Ye o Yt Yt Ye
_z—T1m
Y
b b
= —(1+R)—+ (1 +m)—=
Yt Yt+1
As R > m, we solve the government budget constraint forwards to obtain the sustainability
conditions

bt < 1 > <1+7T>S _dt+s
ye — 1+R%Z Yes

i (LT b
n—oo \ 1+ R Yt+n

It follows that, given these conditions, the minimum rate of inflation consistent with fiscal sus-

tainability is
z+rb
m

T >

This is to ensure that seigniorage revenues are sufficient to pay for government expenditures net

of taxes.

(b) If government expenditures increase then inflation must be allowed to rise too in order that

seigniorage revenues increase to pay for the additional expenditures.

(c) Conversely, in order to reduce inflation, either government expenditures must be reduced

or tax revenues increased.
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5.5. Consider an economy without capital that has proportional taxes on consumption and

labor and is described by the following equations

yu = Ang =c+g
gt +rby = Tic + T wing + Abpy
Uler,ly) = lng+vylnl,
1 = ng+1;

(a) State the household budget constraint.

1

(b) If the economy seeks to maximize 332,6°U (ctis, li+s), where § = 1,

derive the optimal

steady-state levels of consumption and employment for given g;, b; and tax rates.

Solution
(a) The household budget constraint can be obtained from the national income identity and

the government budget constraint by eliminating g;. It can be written as
yr +7by = (L4 79)er + 7 weng + Abeiq
Or, as household labor income satisfies wyn: = y¢,

(1 = 7P )weng + by = (1 4+ 75) e + Aby

(b) The problem is to maximize inter-temporal utility subject to the national income constraint

and the government budget constraint. The Lagrangian for this problem can be written as

’Ct = Zs:[} {ﬂ«"' (ln Ctts +’Y In lt+5)+)\t+5 [Anta+5_(1+T§+5)Ct+s_T%U+swt+snt+s+(l+7")bt+s—bt+s+1]}
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The first-order conditions are

oL, 1

= s - )\ 1 ¢ = O > 0
8Ct+5 6 Ct+5 t+s( + Tt-‘rs) S =
0Ly s 7 - .
8nt+s = -F 1 —nqs + /\t+s(aAnt+5 o Tt-i-swt-‘rs) =0 52>0
oL
— = As(147) = A1 =0 s>0
8bt+s

The consumption Euler equation is therefore

Ber (1+719)

1+r)=1
Ct41 (1+T§+1)( )

Consequently, as § = with constant consumption tax rates, consumption is also constant.

1
147>
From the first-order conditions for consumption and work we obtain the steady-state solution

w

a=l _ pwy,

~ye aAn

(1—-n) 1+ ¢

If labor is paid its marginal product then w; = ozAnf‘fl, and so

ye o (1-1"w
(1-n)  1+7°

This can be shown to be the same solution that would have been obtained by maximizing
22 08°U(ct1s,lt+s) subject to the household budget constraint. Solving this together with the

household budget constraint gives the solutions for ¢, [ and n. Thus

S (I=7")w+rd
b )
(1—=7")w —yrb
ny =

)L - )w

5.6 (a) What is the Ramsey problem of optimal taxation?
(b) For Exercise 5 find the optimal rates of consumption and labor taxes by solving the asso-

ciated Ramsey problem.

Solution
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(a) The Ramsey problem is for government to find the optimal tax rates that are consistent

with the optimality conditions of households who are taking tax rates as given.

(b) From the first-order conditions in the solution to Exercise 5 we have /\3\21 =1+r. The

constraint imposed by households on government decisions which take into account the optimality

conditions of households can therefore be written as

At—
(1 + Tf)Ct —+ bt+1 = (1 — T;U)wt’fbt + ;\ 1bt
t

This can be solved forwards to give the inter-temporal constraint

Aecibe = Aes[(14 75y Jeres — (1= T ) wessners]

provided the transversality condition lim,, o At+nbt+n+1 = 0 holds. Using the first-order condi-
tions for consumption and work, and recalling that labor is paid its marginal product, it can be

re-written as the implementability condition

oo 3
At—1by = ZSioﬁb(Uc,t—l—sct—i—s7Ul,t+snt+s)

D D 1 C- R
=0 Cits t+s 1_nt+s t+s

_ ZOO 8 1—(1—7)nigs
s=0 1—nups
We note that the left-hand side is pre-determined at time ¢.

The government’s problem is to maximize the inter-temporal utility of households subject to

the implementability condition and the economy’s resource constraint. The Lagrangian can be

written as
Ly = Zs:() {B°(Incrs +yInliys) + Gpy s[Witsnits — Crs — Grvs)}
o0 Y
S — N_1b
—i—,u[zszo B o, Ot ‘]
Defining
- i

V(ctis,leys, ) =Incips +yInliy g + Py

— Ni+s
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The Lagrangian is then
Ly = ZS:O {8V (Ctiss lits, 1)
+ s [WersNtrs — Cops — G|} — pAe—1bt

The first-order conditions for consumption and labor are

oL s
O0Ct 5 = FVetrs =94y, =0 $20
oL )
L = B Vit bpwiss =0 s>0
ant+s

We now consider the implications of these conditions for the optimal choice of the three tax rates.

From the first-order conditions and the marginal condition for labor

=

~+

= U}t

~

I+ ) Ut + p(Uerece — Uy pny)
(14 p)Uec,t + p(Uee,tcs — Ule,tlt)
1+ T‘t: Ul,t
1—70U,,

1477 vye
1Tl

As the utility function is homothetic, i.e. for any 6

U.l0c,00)]  Uc(e,l)

U [96, 91)] Ui (Cv l)
differentiating with respect to 6 and evaluating at § = 1 gives

Ucc,tCt - Ulc,tlt - Ucl,tCt - Ull,tlt

Uc,t Ul,t
Thus
Vie _ Ui
‘/c,t Uc,t
or
I s e L A L
1-— T}‘U 1-— Ty 1— Ty
The optimal rates of tax are therefore 7¢ = 7" =0, or 7§ = —7¢.

92



Because the government must satisfy its budget constraint

gt + (1 +7)by = it + TP wing + by

the optimal solutions imply that it must either use pure debt finance or tax total household saving

weny — ¢ The government budget constraint is then

gt + (1 + T)bt = Tt(wtnt - Ct) + bt+1

where 7, = 7}’ = —7¢. The implication is that, given these assumptions, optimal taxation requires
that the excess of household labor income over consumption is taxed. This is not exactly the same

as taxing savings as financial assets are not being taxed - at least explicitly.
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Chapter 6

6.1. (a) Consider the following two-period OLG model. People consume in both periods but
work only in period two. The inter-temporal utility of the representative individual in the first
period is

U=1Inc; + PBlnce + aln(l — n2) + v1n go]
where ¢; and ¢y are consumption and k; (which is given) and ko are the stocks of capital in periods

one and two, no is work and go is government expenditure in period two which is funded by a

lump-sum tax in period two. Production in periods one and two are

y1 = Rki=c1+ko
y2 = Rka+¢nz=ca+ g2
Find the optimal centrally-planned solution for c;.

(b) Find the private sector solutions for ¢; and ¢y, taking government expenditures as given.

(¢) Compare the two solutions.

Solution
(a) The central planner maximizes U subject to the budget constraints for periods one and
two with respect to the implicit budget constraint go = T with respect to c¢1,cs,no, ky and gs.

The Lagrangian is

L=Incg —|—ﬁ[1n02 +aln(1 —TLQ) —l-’}/hlgg] —|-/\(Rk'1 —C1 — kz) —l—M(Rk‘g + ¢ng — co _92)
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The first-order conditions are

oL 1

oL _ B, _

002 - Co o=

oL af

By = Tomp M=
oL

o _ B, _,

992 g2

Hence ¢y = fRecy; = %(1 —ng) = %gg. And from the budget constraint ks = ¢; — Rky. It remains

therefore to solve ¢; and ¢; in terms of k;. It can be shown that

B ¢+ R%ky
T U+B0+tatrR
o = B(¢ + R*k1)

1+8(14+a+7)

(b) The private sector maximizes

U=1Incy + Plncy + aln(l — ny)]

subject to its budget constraint which can be derived from the national income identities and the

government budget constraint go = T5. The Lagrangian for this problem is

L=1Incy + B[lncy + aln(l —ny)] + AM(Rk1 — ¢1 — k2) + p(Rka + ¢ng — c2 — g2)

where go could be replaced with T,. The first-order conditions are

oL 1

oL _ 5

002 - Co o=
oL ap B
B Tomp TH=0
oL

Hence, once again, co = BRc; = %(1 —ng) and ko = ¢; — Rk;.
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(¢) Thus the central planner chooses the same solution as the private sector. The difference is

that the central planner also chooses go = «vco. The reason for the similarities of the solutions is

because lump-sum taxes are not distorting.

6.2 Suppose that in Exercise 6.1 the government finances its expenditures with taxes both on

labor and capital in period two so that the government budget constraint is

g2 = Ta¢ns + (R — Ro)ks

where Ry is the after-tax return to capital and 74 is the rate of tax of labor in period two. Derive

the centrally-planned solutions for ¢; and cs.

Solution

The Lagrangian for the central planner’s problem is

L = In¢g —|—ﬁ[1n02 +aln(1 —TLQ) —l-’}/h'lgg] —|-/\(Rk'1 —C1 — kg) —‘rM(ng + ¢ng — co _92)

+v[g2 — T2¢ny — (R — Ry)ks]

The first-order conditions are

oL
der
oL
dey
oL
ngy
oL
Ok
oL
092

These equations, together with the constraints, form the required necessary conditions.

1
——A=0
C1
B _,_o
C2

af

- +pup —vra9 =0
1—712

A+ puR—v(R—Ry) =0

By _
g2

p=0

solutions for ¢; and ¢s can be shown to be the same as in Exercise 6.1.

The

6.3. (a) Continuing to assume that the government budget constraint is as defined in Exercise
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6.2, find the private sector solutions for ¢; and ¢, when government expenditures and tax rates
are pre-announced.

(b) Why may this solution not be time consistent?

Solution

(a) The private sector’s solution is obtained by first eliminating gs to give the constraint

Cy — Rzk’z + (1 — T2)¢’ﬂ2

The inter-temporal utility function is maximized subject to two constraints to give the Lagrangian

L = Inc+B[lnece+aln(l —ng)] + A(REky —¢1 — ko)

+u[Roks + (1 — 72)dng — co]

The first-order conditions are

oL 1

oL _ B_,_

802 - C2 H=

oL ap B
o *1_n2+ﬂ(1*72)¢—0
oL

a_k‘g = *>\+,UJR2—O

oL By

092 92

The solutions are ca = BRc; = %(1 —ngy) and kg = ¢; — Rk;. Hence,

Rng’l + (1 — T2)¢
Ry + BR(1 + )
- RRglﬁ + (1 — 7'2)(]5
¢ = R AR T a)

c1 =

These solutions are different from the solutions for ¢; and ¢ in Exercises 6.1 and 6.2.

(b) The solutions depend on the rates of labor tax 79 and capital tax R — Rs. As a result, if it
is optimal for government to change these rates of tax in period two, this would affect the above

solution which would not therefore be time consistent.
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6.4 For Exercise 6.3 assume now that the government optimizes taxes in period two taking ko
as given as it was determined in period one.

(a) Derive the necessary conditions for the optimal solution.

(b) Show that the optimal labor tax when period two arrives is zero. Is it optimal to taxe

capital in period two?

Solution

(a) The government’s problem is to maximize

U=Incy +aln(l —ny) +vlng

subject to the two constraints

Rka+¢na = ca+ g2

g2 = Togng + (R — Ra)ks

Taking period one values and ks as given, the Lagrangian is

L = Inca+aln(l —ng)+vIngs + A[Rka + ¢ng — c2 — go)

+u[ga — To2¢no — (R — Ra)ko]

The first-order conditions are

oL 1

[ES— P —_— )\ =

802 C2 0

oL o

Iy —1_n2+>\¢—,u72¢—0
oL y

_— P —_— = 0

092 g2 a

The first-order conditions together with the constraints provide the necessary conditions for

the solution which has no closed form as the equations are non-linear.

(b) Imposing a labor tax would be distorting. But taxing capital would not be distorting as

ko is given and so cannot be affected by the capital tax. The capital tax, in effect, taxes the rents

98



on capital. We also note that, comparing the first-order conditions for co and ny in part (a) with
those in Exercises 6.1 and 6.2, if 79 = 0 and 8 = R, then we obtain the same relation between
co and no, namely, co = -2(1 —n2). From the government budget constraint the optimal rate of

capital taxation is R — Rp = 2.

6.5. Consider the following two-period OLG model in which each generation has the same
number of people, N. The young generation receives an endowment of z; when young and
x2 = (1 4+ ¢)z1 when old, where ¢ can be positive or negative. The endowments of the young
generation grow over time at the rate 4. FEach unit of saving (by the young) is invested and
produces 1+ p units of output (1 > 0) when they are old. Each of the young generation maximizes
Ineciy + l—ir Incy 41, where ci4 is consumption when young and ¢y ;41 is consumption when old.

(a) Derive the consumption and savings of the young generation and the consumption of the
old generation.

(b) How do changes in ¢, u, r and v affect these solutions?

(c) If » = p how does this affect the solution?

Solution
(a) Let s; denote the savings of the young generation. The budget constraint when young in
period t is

Clt+51 =T

and when old in period t + 1 is

o1 = Ta+ (1+p)s:

(1+¢)rr + (14 p)[z1 — e

This provides an inter-temporal budget constraint. The problem, therefore, is to maximize inter-

temporal utility subject to the inter-temporal budget constraint.
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The Lagrangian is

1
L=Ilncy;; + 1 Ineo 1+ Aearr — (1 + @)z — (1 + )|z — c1e

—+7r

The first-order conditions are

oL 1
— = —+AX14p) =0
Jcr C1t ( M)
oL 1 1
= +A=0
Ocai41 1+rcois
and the Euler equation is
627,5_;,_1 1 +7r o
ciy 1+p

It follows from the inter-temporal budget constraint and the Euler equation that consumption of

the young in period ¢ and when old in period ¢ + 1 are

N CET EI0I E
(L+p)(2+7)
1+
L+
= —1331

1+1—+T
1+uC
1+r
2+¢+u$

2+r

Cot+1 = 1t

1

Because the endowment of the young increases over time at the rate -, the general solution for
period t +14 (i > 0) is

S 1+ @+o+rpitn)

(I+p)(2+7)

_ 14p O+ y)'C+e+w)
C2ttitl = 1—|—7“Cl’t+i_ 247

T

(b) It follows that the greater is ¢, the larger is consumption in both periods as resources are
greater. The greater is p, the smaller is consumption when young but the larger is consumption

when old. In contrast, the greater is r, the larger is consumption when young and the smaller is
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consumption when old. Thus changes in ¢ and r cause inter-temporal substitutions in different
directions. 7 determines the rate of growth of consumption over time both when young and old

as it increases resources over time.

(c) If = p then consumption of the young in period ¢ and when old in period ¢ + 1 are

2(1+47)
ciy = —x
1t E) 1
2(1+
i = Pl

Hence, consumption when young is now unaffected by either ¢ or p, but consumption when old

is now increased by a larger ¢ = p.
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Chapter 7

7.1. An open economy has the balance of payments identity
ze — Quy" + 17 fr = Afi

where z; is exports, z}" is imports, f; is the net holding of foreign assets, @ is the terms of trade
and r* is the world rate of interest. Total output y; is either consumed at home ¢} or is exported,

thus

Yt :C?+$t~

Total domestic consumption is ¢;; ¥ and z; are exogenous.

(a) Derive the Euler equation that maximises Z:io B° In ¢y s with respect to {c, Cra1yeee; fea1, ft42ye--
where 3 = 1—J1re.

(b) Explain how and why the relative magnitudes of r* and 0 affect the steady-state solutions
of ¢; and f;.

(c) Explain how this solution differs from that of the corresponding closed-economy.

(d) Comment on whether there are any benefits to being an open economy in this model.

(e) Obtain the solution for the current account.

(f) What are the effects on the current account and the net asset position of a permanent

increase in x;7

Solution
(a) The main difference between this problem and the basic problem of Chapter 7 is that

output is exogenous. Consequently the national income identity is
Y = ¢ + xp — Q"
and the balance of payments may be re-written as
Y —ce +rfr = Afiga.
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The Lagrangian is therefore

L= {8 Mcrrs+ Mgs Wers — Cops — frrsr + (L+ ) firsl}
s=0

The first-order conditions with respect to {ci4s, fi+s+1;$ > 0} are

oL 1
= p° — 45 =0 s>0
60t+s b Ct+s t+
oL

= Aas(1 )= Aas—1 =0 >0
aft+s t+( +T) t4+s—1 S

plus the balance of payments. The open-economy Euler equation is therefore

Bey

Ct+1

(14+7r*)=1.

(b) The Euler equation may be re-written as

Ct+1 147r*

Ct 1+9

which shows how optimal consumption will evolve in the future. Optimal consumption will there-

6.

AV

fore grow, stay constant or decline according as 7*

From the balance of payments the optimal net asset position therefore evolves as

firn = ye—c+(1+7r)f;

= S o(L+r") " "y — (L4155 0Bl + (L+17) fr

Whether net assets grow, stay constant or decline depends on the future behavior of 1, and on
whether r* % 0. Consider the leading case where 3,15 = y; and r* = 0. There is then a steady-

state level of net assets which is

Yt+1 — Ct+41
f=f= T

In other words,
ct =yt +r"fi.
If r* =2 0 then a steady state solution requires that y; grows at the same rate as consumption,

namely, 7* — 6.
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(c) In a closed economy the net foreign asset position f; is replaced in the steady-state solution

for consumption by the stock of domestic assets.

(d) A benefit of being an open rather than a closed economy is that the stock of domestic
assets must be non-negative whereas net foreign assets may be positive or negative. Having
negative foreign assets implies that the economy is borrowing from abroad. This allows an economy
to finance a negative current account balance, and hence better smooth consumption, than an
economy that has to correct its current account deficit - possibly sharply - by reducing consumption
through a cut in imports. This was a common feature of the Bretton Woods period when there
were controls on foreign capital movements and policy was "stop-go" which increased the volatility

of business cycle fluctuations.

(e) The current account is

cay = Tt — Qll'zn + T*ft

= Yy —c+rfe

This is also the steady-state solution for the current account described above.

(f) A permanent increase in exports z; is equivalent in its effect on consumption to a permanent
increase in income. This causes a permanent increase in consumption, but does not affect the

current account as there is also a permanent increase in imports.

7.2. Consider two countries which consume home and foreign goods cg+ and cr . Each period
the home country maximizes

g—1 a—l] o—1

U; = {CH‘} +cp%

and has an endowment of y; units of the home produced good. The foreign country is identical

and its variables are denoted with an asterisk. Every unit of a good that is transported abroad has
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a real resource cost equal to 7 so that, in effect, only a proportion 1 — 7 arrives at its destination.
P+ is the home price of the home good and Pry is the foreign price of the home good. The
corresponding prices of the foreign good are Pr; and Pr,. All prices are measured in terms of a
common unit of world currency.

(a) If goods markets are competitive what is the relation between the four prices and how are
the terms of trade in each country related?

(b) Derive the relative demands for home and foreign goods in each country.

(c) Hence comment on the implications of the presence of transport costs.

Note: This Exercise and the next, Exercise 7.3, is based on Obstfeld and Rogoff (2000).

Solution
(a) If markets are competitive and there are costs to trade which are borne by the importer
(i.e. with producer pricing) then the home price of the home good is lower than its price abroad.

If goods arbitrage holds this implies that

PH,t = (1 — T)P;_},t

(1 — T)PF,t = P;‘,t'

. . .. P Pr.
Given that the terms of trade for the home and foreign economies is Qr,; = .- and Q7 , = 5=+,
’ ’ H,t

respectively, it follows that

Q1= (1-7)°Qrs

(b) Each country maximizes utility in period ¢ subject to their budget constraint. Ignoring all

assets, as the problem is for one period, the budget constraint for the home country is
Pr 1y = Prscayi + Pricry

which can be re-written as

Ye = ¢ + QriCry
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P, .
where Q7 = 5> is the terms of trade.

The Lagrangian for the home country is therefore

o

o—1 o—1

g=1 g=1 o—1
L= [CHft +cpy } + M (Y — e — Qriecry)

and the first-order conditions are

9=

oL U,
- [ e
OcH ¢ CH.+
1
oL Uy |-
3 = [—t] —MQr: =0
CFrt CFEt
Hence,
ce e [ Pri)’
CFt @y <PH,t)

For the foreign country the corresponding expression is

(c) First, from Q7 , = (1— 7)2Qr 1, the greater is 7, the more the terms of trade differ between
the two countries. If there are no transport costs then the terms of trade are the same.

Second, as the ratio of expenditures on domestic goods to imports in each country is

CH.t C},t (1-0)
=(1—-71 ,
(QT,tCF,t> / (Q?,tﬁ{,t) ( )

the greater is 7, the higher is the proportion of total expenditures on domestic goods. Obstfeld

and Rogoff suggest that this may help explain home bias in consumption.

7.3. Suppose the model in Exercise 7.2 is modified so that there are two periods and inter-
temporal utility is

Vi =Uler) + BU(cey1)
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o—1 o—1
o

where ¢; = |:CH7 ¢ tepd } """ Endowments in the two periods are y; and y;y1. Foreign prices
Pp;, and Pp, and the world interest rate are assumed given. The first and second period budget

constraints are
Pgsyi +B = Pgicas+ Pricre = Piey
Pyyi1yi1 — (1+7")B = Pygricaisr + Prepicrier = Pipicig,
where P; is the general price level, B is borrowing from abroad in world currency units in period
t and r* is the foreign real interest rate. It is assumed that there is zero foreign inflation.
(a) Derive the optimal solution for the home economy, including the domestic price level P;.

(b) What is the domestic real interest rate r? Does real interest parity exist?

(¢) How is r related to 77

Solution
(a) The budget constraints imply that the indebted country repays its debt in period ¢+ 1 and
hence must export home production in period ¢ + 1. Eliminating B from the budget constraints

gives the two-period inter-temporal constraint for the home country
Py iv1yi+1 + L+ 7")Pryr = Prir1ca+ + Pruvicrisr + (1 + ") (Pacas + Pricry).

We now maximise V; subject to this constraint.

The Lagrangian is
o—1 o—1 ﬁ o—1 o—1 cril
L = U{[cht + ¢ } }+BU{[CHTt+1+CF;+1} }
A Prt+1Yt+1 + (L +7)Pusye — Prit1cH 41 — Priticrit

7(1 + T*)(PH,tCH,t + PF,tCF,t)]

and the first-order conditions for ¢ = H, F' are

oL Ak
- |2 S a+m)P, =
oc; |:Ci,t:| AL+r)Fe =0
oL U1 17
3 = B [ﬂ] — AP 441 =0.
Cit+1 Cit+1
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Hence the relative expenditures on home and foreign goods is

1—0o
Pyscutr  (Puy
Prycry Pry

From total expenditure

PH,tCH,t PF,tCF,t
Picy Picy

P,
— {1 + H,tCH,t]
Pic, Pricry

Pricpy 14 (PH,t)lg
Piey PF,t ’

1—0o
CFt PF,t P

= 5i- — :
Ct PH,tU""PF,tU Pry

Pricry

Hence,

From the consumption index
o—1 o—1
CHt| 7 Crt| °
1 = it 4+ | =2
Ct Ct
Pl—o‘ >
H,t P
1—0o 1—0o

PH,t + PF,t Pt

o—1

o

1—0o
Pry P
— —
PH,tU + PF,tG PF,t

Thus

1
—0o

P, = [P + Py
The solution for total consumption is obtain from the Euler equation for ¢;

BU (ce1)(1 +17)

Ule)

and the inter-temporal budget constraint

Pr1Ye1 + (1 + 1) Prsys = Ppaceyr + (1 +177) Prcy.

(b) If r* is the foreign real interest rate and r is the domestic real interest rate then nominal

interest parity implies that is
Py

14r=>047")=—
t+1
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i.e. there is real interest parity only if domestic inflation is also zero.

(c) If the home country borrows in period ¢ and repays in period ¢+ 1 then it must export part
of its production in period ¢ + 1. As aresult, Py = (1 —7) P, but Py, = (1 —7)Pu 1. As
foreign prices are constant

Py

1+r = (l—l—r*)P
t+1

1
1—0o 1—o| T=7
PP
= (1+77) ;
‘Pl_o ‘Pl_a -0
Hit1 T Lrit1

« \1—o —o |1
(1= 7)P) ™+ PE]
1
5 l—0o 1—0o
{(—’fﬂf) + P};"]

Hence, % < 0. Thus, the higher are transport costs, the lower is the domestic real interest rate.

= (14

7.4. Suppose the "world" is compromised of two similar countries where one is a net debtor.

Each country consumes home and foreign goods and maximizes

oo (CO‘ lea )170
H,t+s“F,t+s
V — Z S 5 3
K 8706 l1—o0

subject to its budget constraint. Expressed in terms of home’s prices, the home country budget
constraint is

Py icry + SePricre + ABiy1 = Py + ReBy

where cpr; is consumption of home produced goods, cr ¢ is consumption of foreign produced goods,
P+ is the price of the home country’s output which is denoted ygx; and is exogenous, P is
the price of the foreign country’s output in terms of foreign prices, and B; is the home country’s
borrowing from abroad expressed in domestic currency which is at the nominal rate of interest R;
and S} is the nominal exchange rate. Interest parity is assumed to hold.

(a) Using an asterisk to denote the foreign country equivalent variable (e.g. cj;; is the foreign
country’s consumption of domestic output), what are the national income and balance of payments

identities for the home country?
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(b) Derive the optimal relative expenditure on home and foreign goods taking the foreign

country - its output, exports and prices - and the exchange rate as given.

(c) Derive the price level P for the domestic economy assuming that ¢; = cf;, +Sc}{t?‘i_s.

(d) Obtain the consumption Euler equation for the home country.

(e) Hence derive the implications for the current account and the net foreign asset position.
Comment on the implications of the home country being a debtor nation.

(f) Suppose that y; < y; and both are constant, that there is zero inflation in each country,

R; =R and § = HLR. Show that ¢; < ¢f if By > 0.

Solution

(a) Home country’s nominal national income identity is
Prr iy = PH,t(CH,t + C;,t)~
Its nominal balance of payments is therefore
PH,tC},t - StPF,tCF,t — B, = —ABt+1~
Assuming interest parity, the foreign country’s balance of payments in foreign prices is therefore

Prycpy — Sy ' Pl epy — RSy "By = =S, ' ABy.

(b) The home country maximizes V; subject to its budget constraint which can be written as
Pr 1yt — Pugca — SitPricpy — (1 + Ry) By + Biya.

The Lagrangian is therefore

I—a y1—
r— = {ﬁs (C%,tJrscF,t(—T-s) 7

o + At s [P t+sYt+s — PHt4+sCH 45 — St+sPri+sCrits — (1 + Riqs)Beys + Bt+s+1]}

s=0
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and the first-order conditions for the home country are

oL s oa(l—o)— —a)(l—0o
B = b O‘CH(;JFS) Lepas 1TV NPy =0 520
CH,t+s
a‘c s al(l—0o —« —0)—
) = p(1- a)cli'(711£+s)cF,t+s(1 Y= — N sStts Priass =0 520
CFt+s
oL
= _At—i-s(l + Rt-i—s) + /\t-l-s—l =0 s> 0.
aBt+s

It follows that

CH,t «@ StPF,t

CFt 11—« PH,t

S, P
where “5-"*
H

= is the terms of trade. The relative expenditure on home and foreign goods is therefore

Pyicny  «
StPF’tCFﬂg 1— Oé.

(¢) Total nominal expenditure on goods for the home economy is
Picy = Pyich s + SiPricry.

Hence

PtCt 1

StPF,tCF,t 11—«

and the general price level is
_ Pg(SPry) "

t— 0504(]_ _a)lfa

d) Noting that ¢; = ¢% 7@ and that Pic; = Pgicygt + S:Pricpi: we can obtain
g H,t+sCF t+s tCH, tCF,

oL
aCt-i—s

= BSC;:S — >\t+5Pt+s =0 S Z 0

hence the Euler equation can be written as

Ct 7 Pt
e 1+ R =1.
b |:Ct+1] Pt+1( t+1>

(e) As the foreign country is the same

* *
PH,tCH,t .«
—1 px x - _

Sy Prycp, 1-a

111



Pr, = P}, and Py, = Py, the current account balance is

l1—«
>k
Py icpy — StPricrpy — Ry By =

St P (Cory — cat) — RiBy = —ADByy1.

In addition, if the two countries are the same - including having the same levels of output -
then ¢}, = cpy . Hence, in the absence of asymmetric country shocks, By = 0, i.e. net foreign
assets are zero. But if, for example, the home country starts with net debt is repaying the debt,

then

CHt = Cggz+———

If output is constant and the home country fails to maintain its consumption below that of
the foreign country then it will have a permanent current deficit, its current account position
will be unsustainable and its debt will accumulate. Home output growth could, however, make a

permanent current account deficit sustainable.

(f) As there is zero inflation in each country, Ry = R and § = 1-|+R7 it follows from the Euler
equation that ¢; is constant and hence cy + and cg+ are also constant. The corresponding foreign
variables are also constant. Moreover, all of the prices are constant.

From the home country’s budget constraint

PHy—PC—(1+R>Bt:—Bt+1

or
B = ——[Biys+Puy— Pd
t = 1t R t4+1 HY c
_ yoo Puy—Pe
Z:O(I—FR)“r1
N PHy—PC
= —F5
Hence,
Py By
= — —R—
‘TP P



where

PH . PH -«
2 a1 = «@
p —tl—a) (SP;;,>
and
. Py, S™1B,
¢ = Py R
P;I o 1— Py e
= 1 — @ .
pr = @lma) <SP;I)
Thus ¢* > cif B; > 0.

7.5. For the model described in Exercise 7.4, suppose that there is world central planner who
maximizes the sum of individual country welfares:

o'} e Cl—a 1—0o c* afe*
W, = Z/BS ( H,t+i J_w,t;-s) n [( H,t+s) ( F,t+s)
s=0

1704]170'
l1-0
(a) What are the constraints in this problem?

(b) Derive the optimal world solution subject to these constraints where outputs and the
exchange rate are exogenous.

(¢) Comment on any differences with the solutions in Exercise 7.4.
Solution

(a) There are two national income identities

Pr 1yt Pr (e + chy)

* *
PH,tyt

PI?,t<C*H,t +crit)
the balance of payments

Py iCry — StPricre — RiBy = —ABi 11
and Ppy = P, and Pyt = Pp;. Combining these through the balance of payments gives the
single constraint

Py 1yt — Prcrs — St Pryyyi + StPpy iy — Ri By = —ABy 1.
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(b) The Lagrangian is

)1704]170 a]lfa'

L = i{ﬁs [Cl}x'—lyt-l-s (y:+s - C?{,t-‘rs [(Cg,t+s)a(yt+s _ CH,t+s)17
s=0 1-0o 1_o

ANt [Pt sYtts — PrtvsCH s — Sts Pt sYivs T StrsPrigsCipys — (1+ Ri) Bigs + Bigsta]}

which is maximized with respect to cy 45, ¢jy 44 and Byys. The first-order conditions are

aﬁ s a(l—0)— * * — —0 s * —0 — —0)—
) = B acH(;Jrs) 1(yt+s - CH,tJrs)(l @)(1=o) _ B (1 — a)(cH,tJrs)a(l )<yt+s - CH,t+s)(1 )1~
CH t+s
—Ait+sPri+s = 0 s5>0
oL s oll—0o * * —a)(l—0o)— s * a(l—o)— —a)(1-
9 = —-pB°(1- a)CH(;Jrs)(st - CH,t+s)(1 A +8 a(CH,t+s) (1=0) l(yt+s - CH,t+s)(1 a
CH,t+s
+At+sst+spj§7t+5 = 0 s 2 0
oL
= —Mas(1+ Rips Ars—1 =0 > 0.
9B, t4s(1+ Rigs) + Aegs—1 s

It follows that

_@_’_L (C;[_,t)a(l_o-) (ﬂ>(1—(¥)(1—0)

*
CHt cCH,¢ 1—a \cu,: it a StPH,t
CFt Ch. _ 1l-a C;{,t a(l-o) CF.t (1-a)(1-0) -« PH,t
CH,¢ [} CH,t c}’t
(c) Previously in Exercise 7.4 we obtained
CH,t (e StPF,t .« Stpfk[,t
CFt 1—« PH,t 1—« PHﬂg '

If the countries are identical then ¢y = ¢}, and cpt = cf, and the two expressions are the same.
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Chapter 8

8.1. Consider an economy in which money is the only financial asset, and suppose that house-
holds hold money solely in order to smooth consumption expenditures. The nominal household

budget constraint for this economy is
PtCt + AMt+1 = Ptyt

where ¢; is consumption, y; is exogenous income, P; is the price level and M; is nominal money
balances.

(a) If households maximize X2 8°U (ctys), derive the optimal solution for consumption.

(b) Compare this solution with the special case where § = 1 and inflation is zero.

(c) Suppose that in (b) y; is expected to remain constant except in period ¢ + 1 when it is
expected to increase temporarily. Examine the effect on money holdings and consumption.

(d) Hence comment on the role of real balances in determining consumption in these circum-

stances.

Solution

(a) The Lagrangian for this problem can be written
oo
L= Z {B°U (ctrs) + Mets[PrvsYirs + Miys — Migsy1 — PrvsCoys]}
s=0
where, for illustrative purposes, we have not used the real budget constraint. The first-order

conditions are

oL
= BSU£+S _)\t+sPt+s =0 S 2 0
aCt-i—s
oL
= Are—Aire1 = .
8Mt+s t+ t+s—1 0 s>0

This gives the consumption Euler equation

BU{, P

=1.
Ul P
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Assuming that g = 1—41re, and using w41 = M;jﬁ“ and the approximation

Ul Act i
T~ 1-g—=
Uy Ct
1
cUy
ot = —= > 0
Uy

we obtain

Aciqq - 79 + T

Ct g
Hence a steady-state in which consumption is constant requires a negative inflation rate of 7411 =
—6. As a result there would be a positive return to holding money, the only vehicle for savings in

this economy.

(b) If 8 =1 and 7411 = 0 then w1 = —0 = 0, which satisfies constant steady-state consump-

tion. From the real budget constraint
et + (14 mepn)mer —my =y
where m; = %. Consumption therefore satisfies
Ct = Yt — Myy1 + My
Hence a steady-state requires that Am;i 1 = 0 and ¢; = y;.
(¢) If yp41 =y + Ay and ys = y for s # 1, then ¢;, my and my41 are unaffected but
Ct1 =Y+ Ay — myio +my.

Since optimal consumption is constant, an unexpected increase in income in period t + 1 affects

only the stock of money which increases permanently in period t + 2 to myyo = my + Ay.

(d) This implies that if there is a zero discount rate and zero inflation, an increase in real

balances has no effect on steady-state consumption.
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8.2. Suppose that the nominal household budget constraint is
AByi1 + AMy 1 + Picy = Pixy + Ry By

where ¢; is consumption, x; is exogenous income, B; is nominal bond holding, M; is nominal
money balances, P; is the general price level, m; = M;/P; and R; is a nominal rate of return.
(a) Derive the real budget constraint.
(b) Comment on whether or not this implies that money is super-neutral in the whole economy.
(c) If households maximize
Vi = Z?ioﬁsU(Ct+57mt+s)

where the utility function is

cf‘mzfo‘ I—-o
a®(l—a)l-«

U(es,my) = [

l1—0

obtain the demand for money.

Solution
(a) The real budget constraint is obtained by deflating the nominal budget constraint by the

general price level P;. The real budget constraint is therefore

Pt+1 Bt+1 Pt+1 Mt+1 M
——4+cag=x+(1+R
P, by P Py P ( t)

By
P,

or

(1 + me1)beg1 + (L + mog1)megr —my + ¢ = 2 + (1 + Re)by

is the inflation rate.

AP
where b, = %, my = % and Ty = Ptjl

(b) Money is super-neutral if an increase in the nominal money supply has no real effects in

steady state. The real budget constraint in steady state is

c=xz+ (R—m)b—mm.
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This depends on a nominal variable - inflation - and appears to show that real consumption is
reduced by the presence of an "inflation tax", 7m. This is not, however, the full story as the
inflation tax also enters the government budget constraint - as tax revenues - and reduces other
taxes - such as lump-sum taxes - one-for-one. As a result, in full general equilibrium the inflation
tax does not affect real consumption and so money is super-neutral in the economy as a whole.
Money would not be super-neutral if, for example, there were additional costs associated with

supplying money or with collecting the inflation tax. For further details see Chapter 8.

¢) We have shown in Chapter 8 that maximising V; = 300 B8°U(c¢4s, Mits) subject to the
0 + +

real household budget constraint gives the Lagrangian

> BU (CtgssMits) + Aegs(Tegs + (1 + Rigs)bpys + myys
£=3
s=0

—(1+ mogs1) (Brast1 + Migst1) — Crs)

for which the first-order conditions are

oL = 55Uc,t+s - )\tJrs =0 s>0
Octys
oL
- = >\t+s(1+Rt+s) */\t+571(1+7ft+5) =0 s>0
8bt-l—s
oL .
9 = [Um,t4s + Ats — Mgs—1(L+7mps) =0 >0
Mtts

which gives Uy, 141 = Uc 41 Re41 from which we may obtain the long-run demand for money. For
the utility function in this question this specializes to

(1— a)c?_"(_ll—g)mt_"_l(1711)(170)*1 B OéC?_,'(_ll_U)_lmt-&-lUia)(lig)Rt-&-l

[ (1 — a)t—2]'"7 [a%(1 — a)l—a]' 77

Hence, the demand for money is

l—acq

mey1 = .
* @ Rt+1

If bonds are risk free then R;1; is known at time ¢.

8.3. Consider a cash-in-advance economy with the national income identity

Yt =cCt+ gt
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and the government budget constraint
ABiy1 +AMyy + PTy = Prgs + Ry By

where ¢; is consumption, y; is exogenous national income, B; is nominal bond holding, M; is
nominal money balances, P; is the general price level, m; = M;/P;, T; are lump-sum taxes, R; is
a nominal rate of return and the government consumes a random real amount g = g + e; where
e; is an independently and identically distributed random shock with zero mean.

(a) If households maximize X2 ,5° Incits where § = derive the optimal solutions for

1
40>
consumption and money holding.

(b) Comment on how a positive government expenditure shock affects consumption and money

holding.

(c) Is money super-neutral in this economy?

Solution
(a) Eliminating ¢g; and writing the cash-in advance constraint as m; = ¢;, enables the real

household budget constraint to be written as
(1 =+ 7Tt+1)bt+1 + (1 =+ 7Tt+1)Ct+1 + Tt =Y —+ (1 —+ Rt)bt.

The Lagrangian is therefore

B¥Incips + Mo [Yegs + (1 + Regs)bpyst

s=0 (14 Topsq1) (begst1 + copsi1) — Toys

The first-order conditions are

oL .
9 = B°Uc t4s — Mgs—1(1 +mqs) =0 520
Ct+s
oL
b = )\tJrs(]. + Rt+s> - )\t+571(1 + 7Tt+s> =0 s> 0.
t+s

This gives the Euler equation

Ber 1+ Ry
Ciy1 1+ ey
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Hence consumption is constant in steady-state if rs = Ry — me1 = 6.

From the budget constraint, and assuming for convenience that R; and m; are constant with

r=R—m>0,
1+7 1
by = ——(b — (T} —
t 1+R(t+1+ct+1)+1+R(t Yt)
Ct 1 Tirs — Yits
= = Pyl
7’+1+R =0 (1 47)s
Hence
—Tivs
=My = T oo Ytts T Lids s

1+ R0 (147)s
which is the permanent income from after-tax income plus interest earnings. In steady-state,
therefore,

1
=m=——~y—-T)+rb
¢ 1 7r(y )+

(b) From the national income identity, a government expenditure shock e; implies that

Y = cttgte

= y+(ct—c)+e.

If national income is fixed then consumption (and money holdings) fall as ¢; — ¢ = —e;. But if

national income increases then

G =my =c+ [ct —c+e — (T —T)).

T
1+ R

It follows that

[er — (T — T)).

a-c= 1+7

Thus if the temporary increase in government expenditures is tax financed then there is no effect
on consumption or money holdings. But if it is not tax financed then consumption and money

holdings increase by ¢; — ¢ = e
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(¢) An increase in the nominal money stock raises the general price level one-for-one in this
economy leaving real money balances, consumption and output unaffected, and so money is super-

neutral.

8.4. Suppose that some goods c; + must be paid for only with money M; and the rest cy ; are
bought on credit L; using a one period loan to be repaid at the start of next period at the nominal
rate of interest R + p, where R is the rate of interest on bonds which are a savings vehicle. The
prices of these goods are Pj; and Py;. If households maximize X2 (1 + R)*U(ct4s) subject to

a l-a
C1,t%2 ¢

S (—a)T=a and income y; is exogenous,

their budget constraint, where U(c;) = Iney, ¢ =
(a) derive the expenditures on cash purchases relative to credit.
(b) Obtain the optimal long-run solutions for ¢; ; and ¢s; when exogenous income y; is constant.

(¢) Comment on the case where there is no credit premium.

Solution
(a) For cash-only goods there is a cash-in-advance constraint M; = Pj;c1¢ and for credit goods

Li4+1 = Pyycop. The nominal budget constraint is

AMyi1 + AByp1 + (R+p)Ly + Picy = Poyy + RBy + ALy

and total expenditure is

Picy = Piscig + Pogcag.

The budget constraint can therefore be re-written as

Biy1+ Prigviciiir +(1+ R+ p)Pay1ca4-1 = Py + (1 + R) By

The Lagrangian is

o 11—
o] _ CLtC27
L = Zs:O {1+R)"In aa(l——at)l*a + Atts[Prosyts + (1 + Rigs) Bros

—Biyst1 — Pritsticiprst1 — L+ R+ p)Poys—102,145-1]}-
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The first-order conditions are

oL
= (1+R)°® —MNas—1Prirs =0 >0
Dcries (1+R) — t+s—1171 ¢+ s 2
oL 1-—
= (1+R) " Apnt(l+ R4 p)Poyys =0 520
002,t+s C2 t+s
oL
aBtJrs = >\t+s(1 + R) - >\t+s—1 =0 s> 0.

The ratio of cash to credit is therefore

My Pycy a 14+R+p

Ly o Pyicop T l-a (1 +R)2 ’

Thus, the larger the premium on credit p, or the lower the rate of interest R, the greater cash

purchases relative to credit purchases.

(b) The Euler equations are

Pl,t+101,t+1 _ P2,t+102,t+1

Pyyery B Payea =t
Hence nominal expenditures are constant.
From the budget constraint
B, = H%%[thtl + Piyyiciipr + (L+ R+ p)Poy—1c2-1 — Py
= %[Pucu + (L + R+ p) Parcar — Poyy)
= %[a - Z)(l +RF Priciy — Pyt
Thus
Puey = c (Piye + By)

a+(1—a)(l+R)?
(1—a)(1+ R)?
[a+(1—-—a)(1+R)?)(1+R+p)

Poicoy (Pry: + By).

(c) If there is no credit premium then

Mt «

Lisi/1+R) 1—-a’
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The discounted cost of borrowing is therefore equal to the cost of using cash and so the shares of

cash and credit just reflect the form of the consumption index.

8.5. Suppose that an economy can either use cash-in-advance or credit. Compare the long-run
levels of consumption that result from these choices for the economy in Exercise 8.4 when there

is a single consumption good ¢;.

Solution
(1) Cash-in advance

The budget constraint is
Bit1+ Prytici1 = Py + (1 + R)By
and the Lagrangian is

L= ZS:O {(1 + R)75 In Ct+s + At"!‘S[Pt-‘rsyt-‘rs + (1 + Rt+s)Bt+s

—Biysy1 — Pt+s+1ct+s+1}-

The first-order conditions are

oL ,
= (1—|—,R)_‘S _)\tJrsflPtJrs =0 S 20
3Ct+s Ctts
oL
aBt+S )\t+s(1 + R) - )\t+5,1 =0 s > 0.

The Euler equation is

Piiici

=1.
Picy

Hence, from the budget constraint, the long-run level of consumption is
B
=Y+ R?'

(ii) Credit
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The budget constraint is now
Bii+ (1+ R+ p)P1ci—1 = Py + (1 + R) By
and the Lagrangian is

L = Zs:() {(A+ R) " Incrrs + Ay s[Prsyers + (1 + Rigs) Beys

—Bitsy1 — (1 + R+ p)Prys—1Ct4s-1]}-

The first-order conditions are

or 1-
= 1+R) " —2 Ay 1t(l+ R+ p)Pas=0 s>0
8Ct+s Ct+s
or

aBt+s )\tJrs(]. + R) - >\t+571 =0 s> 0.

The Euler equation is again

Pt+1Ct+1

=1
PtCt

Hence from the budget constraint the long-run level of consumption is

y+RE B
=< R—.
“t 1+R+p vt P

It follows that consumption is lower when credit is used instead of cash and, the greater the credit

premium, the larger the disparity.

8.6. Consider the following demand for money function which has been used to study hyper-
inflation

my —pr = —a(Epiyr — i), >0

where M;= nominal money, m; = In M, P,= price level and p; = In P;.
(a) Contrast this with a more conventional demand function for money, and comment on why

it might be a suitable formulation for studying hyper-inflation?
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(b) Derive the equilibrium values of p; and the rate of inflation if the supply of money is given
by

Amy = p1+ &

where p > 0 and Fyi[e;y1] = 0.
(¢) What will be the equilibrium values of p; if
(i) the stock of money is expected to deviate temporarily in period ¢t + 1 from this money
supply rule and take the value mj, {,
(ii) the rate of growth of money is expected to deviate permanently from the rule and

from period t + 1 grow at the rate v.

Solution

(a) A more conventional demand function for money includes the nominal interest rate as an ar-
gument rather than expected inflation. From the Fisher equation, the nominal interest rate equals
the nominal interest rate plus expected inflation. In hyper-inflation expected inflation is very large
relative to the real interest rate then the nominal interest rate can be closely approximated by

expected inflation, as in the Cagan money demand function.

(b) The money demand function can be solved for the price level to give the forward-looking

equation

«
1+«

Dt = Eipir + my.

1+«

Solving forwards gives

a \" 1 a \°
=——) Ewprint+t-—3"4 E s
Dt <1+a> tPrn T Hs=0 (1+a) ¢+

Hence, as n — o0,

1 a \°
= E()i E S
Dt 1+a =0 <1+a) T+

As Amy = p+ ey

Mips = My + Sp+ X7 _ €444
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and so
Exmyys =my + sp

and, as X2 ,0%s = ﬁ for |6] < 1,

1 a \°
= Tra s0<1+a> (e 4 sp)
= My + M.
The rate of inflation is Ap; = Amy = p + €.
(c) (i) If Eymyyq = mf,,, then
1 a \*
e <1 +a> Eemiys
a *
= mt+au+—<1+a)2[mt+1 —my — ]

(11) If Etmt+s =my +V+ €41 for $ > 0 then

1 o ?
= —Y2)|— | E s
bt I+a *=0 (1+a> tTe+

= my + av.
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Chapter 9

9.1. Consider an economy that produces a single good in which households maximize

> My 1
V, = ZBS |:lnct+s —¢lnng s +vIn P:_r, ., B= Tor
s=0 $

subject to the nominal budget constraint
PtCt + ABt+1 + AMt+1 = Ptdt + tht + RBt

where ¢ consumption, n is employment, W is the nominal wage rate, d is total real firm net
revenues distributed as dividends, B is nominal bond holdings, R is the nominal interest rate, M
is nominal money balances, P is the price level and r is the real interest rate. Firms maximize

the present value of nominal net revenues
)
O =) (1+7) " Pryadiys
5=0
where d; = y; — wyny, the real wage is wy = W;/P; and the production function is y; = Aing.
(a) Derive the optimal solution on the assumption that prices are perfectly flexible.
(b) Assuming that inflation is zero, suppose that, following a shock, for example, to the money
supply, firms are able to adjust their price with probability p, and otherwise price retains its
previous value. Discuss the consequences for the expected price level following the shock.

(¢) Suppose that prices are fully flexible but the nominal wage adjusts to shocks with probability

p- What are the consequences for the economy?

Solution

The Lagrangian for households in real terms is

e (14+7r) " [Incips — dlnngps +ylnmeg ]

5=0 |+ Xits[digs + Wipsneys + (L + R)beys +mypys — crys — (14 Togsi1)bpgst1r — (14 Tepst1)Mippsti]
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where b, = %t, my = %ﬁ and the inflation rate w11 = Al;ft“ . The first-order conditions are
oL
= (1 - —Ars =0 >0

8Ct+5 ( + T) CtJ,»S t+s s Z
oL

6nt+ = —(1 + 7‘)75 Mot + )\t+swt+s =0 s> 0
oL s

Tmpr. (1+r) Mirs Ats = Ags—1(L+meps) =0 s>0
oL

= >\t+s(1+R)_/\t+s—1(1+ﬂ't+s) =0 s> 0.
abt+s

The consumption Euler equation is

(1+7r)"tes 1+R G 1

Cti1 1+ Tt4+1 Ct+1

which implies that optimal consumption is constant if inflation is constant. The supply of labor
is given by

ng = ¢—
Wy

and will also be constant if w; is constant. The demand for real money is

Ct
my = .
TT+R
The firm, maximizes nominal net revenues
o0
I = Z(l + 1) Prys (A sngly g — Wi sMits)
s=0

for which the first-order condition is

8Ht Yt+s

= (1 P — s] = 0.
Drres (L+7)" Py [ant+s W]
Hence the demand for labor is
ng = 062
Wy

and dividends are

di = yy —wyng = (1 - Oé)yt~
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In steady state the rate of inflation and all real variables are constant

budget constraint the solutions for consumption, labor and money are

y+rb—mm

¢ ™
ac—i—rb Ty

C

rb

. From the real household

It is then straightforward to find the steady-state values of the other variables.

The price level may be obtained from the money market equation m = 'YTCR when

_1+RM
=

As markets clear and prices are perfectly flexible the long-run demands for goods and labor

equal their long-run supplies in each period. This is the standard benchmark case.

(b) If prices are perfectly flexible, a shock to the level of the money supply will affect the price

level and the nominal wage but not the real variables. But if prices are not perfectly flexible there

will be real effects.

If firms can adjust their prices with a probability of p, which is less than unity then, if inflation

is zero, the expected price level in period ¢ following a temporary shock of € to the money supply

is

EP, = pP} +(1-p)P
where the fully flexible price P;" is
1 M
P = ol 1+ R M,
n oy c
1
v ¢

Hence the expected price level under imperfect price flexibility is

EP,=P+

(L=p)1+R)<

[
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where EP, > P but EP, < Pf.

(c) If prices are fully flexible but the nominal wage is not then the expected nominal wage is
EWy=pW;+ (1 —p)W

where the fully flexible nominal wage W;* is

W _ Rie o0t R M,

n vy n

_ W+¢(1+R)

Slo

Hence the expected nominal wage is

1- 1+ R
y n
where EW; > W but EW; < W. This suggests that the expected real wage %ﬁ under imperfect
wage flexibility will be lower than the fully flexible real wage. This would create an incentive for

firms to increase output and employment but would inhibit the supply of labor. In this way

monetary policy could have a temporary real effect on the economy.

9.2. Consider an economy where prices are determined in each period under imperfect compe-

tition in which households have the utility function
Ulet,ni(i)] = Incp — nlnng(3)

with ¢ = 1,2. Total household consumption ¢; is obtained from the two consumption goods c¢t(1)

and ¢;(2) through the aggregator
ce(1)%ei(2)' ¢
¢*(1—¢)1=*

and ny(1) and ng(2) are the employment levels in the two firms which have production functions

Ct =

e (1) = Ayny (i)
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and profits
I:(2) = Pi(i)ye (i) — Wi(i)na (i)
where P;(7) is the output price and W;(i) is the wage rate paid by firm ¢. If total consumption
expenditure is
Picey = Pi(1)ee(1) + Pi(2)c(2)
(a) Derive the optimal solutions for the household, treating firm profits as exogenous.
(b) Show how the price level for each firm is related to the common wage W; and comment on

your result.

Solution

(a) The household budget constraint is

P = P(De(l) + Pi(2)c(2)

= Wi(i)ne (i) + (1) + T1,(2)

if each household holds an equal share in each firm. Households maximize utility in each period
using the Lagrangian

. ci(1)?c(2)' ¢
£=1 (¢¢(1—¢>1-¢
FAe Wi (i) (3) + e (1) + 1e(2) — Pe(1)ce(1) — Pe(2)ee(2)]-

> — plnng(i)

The first-order conditions are

oL 1

G = o MR =0
s = (=0~ ARR) =0
8351_) - _"%(z') S W) =0,  i=1,2
In addition
g_ft = L-xR =0



This gives

From the consumption index

(= <Ct(1)>1_¢ P <L Pt<2>>1‘¢
_ (@Y
-0 <Pt(1)>

@ _ O_@(Bm)f

Ct

Hence

ald) | pg)e?

P = P(1
‘ t()Ct Ct

= P(1)*R(2)' 7

The levels of employment satisfy

Wi(1)n (1)
Pr(1)ei(1)
Wi(2)n4(2)
Py(2)cy(2)
Wi (i)n (i)
Pic;

£
13
3

—_
|
©-

If labour markets are competitive then Wy (i) = W;, the common wage rate. Hence, total employ-

ment is
Pict

t

(b) Each firm maximizes its profits subject to the demand for its product as given by the

relations th(:) above. Because c(i) = (i) = Aine(i), the first-order condition of II;(i) =

Pi(i)y: (1) — Wi(i)n(2) with respect to c:(7) is

dll4 (i)
dCt (’L)

= Py(i) +
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) L
dne(i) — dng(i) Ast
aCt ].) o Ct(]->
oP,(1) —(1-9) P,(1)
dci(2) 4 c(2)
OP;(2) Fi(2)

we obtain

P(1) = (1-0)g-
Pt(2) = (bAK;t'

Hence an increase in W; has different effects on firm prices due to a demand factor - their elasticity

in the consumption index - and a supply factor - the productivity of labor in each firm.

9.3. Consider a model with two intermediate goods where final output is related to intermediate

inputs through

and the final output producer chooses the inputs y; (1) and y:(2) to maximize the profits of the

final producer
Il; = Py — Pt(l)yt(l) - Pt(2)yt(2)

where P; is the price of final output and P; (i) are the prices of the intermediate inputs. Interme-

diate goods are produced with the production function
e (i) = Aing (1)
where n(7) is labour input and the intermediate goods firms maximize the profit function

3 (7) = Py(3)ys (1) — Wing(i)
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where W; is the economy-wide wage rate.
(a) Derive the demand functions for the intermediate inputs.
(b) Derive their supply functions.

(c) Hence examine whether there is an efficiency loss for total output.

Solution
(a) The demand functions for the intermediate goods are derived from the decisions of the final

producer. Profits for the final producer are therefore

[ 1—-¢
II; = Pt% = P(1)ye(1) — P(2)y:(2).

The first-order conditions for maximizing profits are

oIl Yt
Po—=—
t¢yt(1)

- P(- ¢>ﬁ — P(2) =0.

—P(1)=0

Hence the demands for the inputs are

w() = o5

I
—
—

|
<
S~—

i (2)

and

P, = Pi(1)?P(2)' 2.

(b) The supply of intermediate goods is obtained from maximizing the profits of the interme-
diate goods firms taking the demand for their outputs as derived above. For the first intermediate
good producer profits can be written as

(1) = oéPy: — Wine(1)
= (thAltnt(l)al — Wt’ﬂt(l)
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Maximising IT;(1) with respect to ns(1), taking P, and y; as given, yields

P
n(l) = ¢>Wiyt
P
1) = Aulo—y]*
yt( ) 1t[¢Wtyt]
Pt(].) = A;Eyt(l)%wt.
Similarly for good two
Py
ne(2) = (1—¢)—
+(2) ( ¢)Wtyt
Py
2) = Ag[(1 — ) —y]®
Yi(2) 2t/( ¢)Wtyt]
P(2) = Ay =W,

(¢) Total output is derived from the outputs of the intermediate goods as

ye(l) = Altnt(l)azéf)%yt
w(2) = Azmt(ma:(l—@%yt.

Total employment is

ny(1) +nt(2)1 |

This gives a relation between the output of the final good and aggregate employment which can

iy

be written as

«
Yt = Ughy

If v; < 1 then there is an efficiency loss in the use of labor in producing the final output as

(Pyy) ™"

compared with intermediate outputs.
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9.4. Consider pricing with intermediate inputs where the demand for an intermediate firm’s

output is

its profit is

and its total cost is

qm:1f¢ma@wmy

(a) Find the optimal price P;(i)* if the firm maximizes profits period by period while taking
y: and P, as given.

(b) If instead the firm chooses a price which it plans to keep constant for all future periods
and hence maximizes X% (1 + 7) ~*II;; 4(7), derive the resulting optimal price P;(i)?.

(c) What is this price if expressed in terms of P;(i)*?

(d) Hence comment on the effect on today’s price of anticipated future shocks to demand and

costs.

Solution

(a) The profit function is
_ (P
II,(3) = Py(7) ( ;3( )) Y —
t

The first-order condition for maximizing profits is

omin (22)

Hence the optimal price is
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(b) Maximizing V;, the present value of profits, and keeping P;(i), the prices of intermediate

goods, constant for all future periods, implies that

Vi = XZo(1+7) "Tys(d)

= T (141 (R (f;?)% - wipw (Pt(i))_¢yt+s1.

The first-order condition is

oV
OP,(i)

N
_ P (s 1
=521+ 1) [0 0) (D) e~ o] =0
Hence, the optimal price is

1
. 6 \77[1 .
P (i) = (m ~EZo(1+7) VP Py

(c) Expressed in terms of P;(i) we obtain

L
1—¢

. 1 oo —(s x  rn—(1— -
P (i) = [;28—0(14‘7") (+1)Pt+s(’) “ ‘1’)}

(d) Tt follows that anticipated future shocks to demand and costs will affect future prices

P}, (i) (s > 0) and hence the current price Pt# (7).

9.5. Consider an economy with two sectors ¢ = 1,2. Each sector sets its price for two periods
but does so in alternate periods. The general price level in the economy is the average of sector
prices: p; = 3(p1: + pat), hence p; = %(pﬁ + piuq)- In the period the price is reset it is
determined by the average of the current and the expected future optimal price: pﬁ = %(pft +
Etpf’t+1), i = 1,2. The optimal price is assumed to be determined by p}, — pr = ¢(w — p;), where
wy is the wage rate.

(a) Derive the general price level if wages are generated by Aw; = e;, where e; is a zero mean
1.i.d. process. Show that p; can be given a forward-looking, a backward-looking and a univariate

representation.

137



(b) If the price level in steady state is p, how does the price level in period ¢ respond to an
unanticipated shock in wages in period t7
(¢) How does the price level deviate from p in period ¢ in response to an anticipated wage

shock in period t + 1?7

Solution

(a) It follows that

1
Pl = 5[(1 — @) (Pt + Eipry1) + d(we + Eywyyq)]
1
pﬁmq = 5[(1 — @) Pr—1 + Er—1pe) + d(wi—1 + Er_ywy)]
hence
1
Pt = 1 (1= @)(pt—1 + Er—1pt + pt + Eipry1) + d(wi—1 + Erywi + wy + Eywiq)] .

Let ¢, = pr — Ey_1p¢ and e; = wy — Fy_1w; then

(1= @)(pto1+pt — et + Pt + Epryr) + o(wi—1 + wi — €4 + wy + Eywegq)] .

] =

Pt =

Or, introducing the lag operator Lz; = ;1 and L™ = Bz,

1= 50— )~ 7= G} (L + L )lpy = (1~ B)eq + [36 -+ 70(L + L)y — 7er

If1>¢> 1, then

1= 50-6) = (1= O L+ L) = (1= $)(L ~ X)L~ M)L ™,
where
1-11-9¢) -1 -9} (L+L YL
(L= M)~ Ag) s = — 20 =9 %(41(@‘“( ) i = 1 <0

Hence we have a unique saddlepath solution. If we let Ay > 1 and Ay < 1 then
1 1 -1 1 1 1 _1 1
Z(l — )AL= Ay L)1 = XL )pr = —1(1 —¢)er + [§¢ + Z¢(L +L7)we — Z¢€t;
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or

1 1 - o0 S
Dy = A—lptq - )\—1€t - m[wt—1 —wp+ e+ (2+ Ao+ A5 B A Brwyy o
Thus, in general, p; is forward-looking.

p¢ can, however, be given a backward-looking representation using the fact that Aw; = e;.

This implies that Fyw;ys = w; and therefore

) :ip R ¢(2+A2+A;1)w
LD Ve VR S W ST S IS W

It follows that

e = pr—Eiipy
1 A2+ Ao+ A5H)
-y &t €t
A A(1—9)(1 — A2)
A2+ A+ A5

= - €.
T+ —9)1—N) '
Hence the price level is generated by the process
1 B2+ A2+ A3 ) A1
W e S Wi e Wl W

p¢ can also be given a univariate representation. As Aw; = e;, p; can be re-written as the

ARIMA(1,1,1) process

1
A1

P24+ X2+ A7) A

i M- A ) ¢

! Aet]

Api_q — t+1+>\1

(b) From w; = w—1 + €4, an unanticipated shock e; in period ¢ causes the price in period ¢ to

be

92+ XN
Pe=P A= o)1 — M)

A
14+ XM

(1 + )Et.

The last term gives the required effect.
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(¢) From wy+1 = wy + €441, where e;11 is known in period ¢,

1 1 - 00 s
Pt = )\_lpt—l - )\_15t - ﬁ[wt—l —wg e+ (24 A2+ Ay 1)ES:O>‘2Etwt+s]
1 o2+ X2+ 251 A
= —_— 1 — )\
NPT NI =y T T T Al

D24+ Ao + A5 1)\,
/\1(1 — ¢) €t+1

= p—

Again the last term gives the required effect.
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Chapter 10

10.1. (a) Suppose that a consumer’s initial wealth is given by Wy, and the consumer has the
option of investing in a risky asset which has a rate of return r or a risk-free asset which has a sure
rate of return f. If the consumer maximizes the expected value of a strictly increasing, concave
utility function U(W) by choosing to hold the risky versus the risk-free asset, and if the variance
of the return on the risky asset is V(r), find an expression for the risk premium p that makes the
consumer indifferent between holding the risky and the risk-free asset.

(b) Explain how absolute risk aversion differs from relative risk aversion.

(c) Suppose that the consumer’s utility function is the hyperbolic absolute risk aversion

(HARA) function

U(W) =

1_ (o2
= G{OZW +5] , a>0,8>0,;0<0<1.

o l1—0

Discuss how the magnitude of the risk premium varies as a function of wealth and the para-

meters «, 3, and o.

Solution

(a) If the investor holds the risk-free asset then
EUW) =U[W,(1+ f)].

If the investor holds the risky asset then for the investor to be indifferent between holding the

risky and risk-free asset requires the risk premium p to satisfy
EU[W] = EU[Wo(1 +r)] = U[W,(1+ f)].
Expanding EU[Wy(1 + )] about r = f + p we obtain
EU(W)] = UWo(1 + f + )l + W3 E(r— [~ p)°U".
Expanding U[Wy(1 + f + p)] about p = 0 we obtain

UWo(1+ f +p)] = U[Wo(1 + f)] + WopU'.
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Noting that E(r — f — p)? ~ V(r),

2 V(1) v

E[UW)] = U[W,(1+ f)] + WopU' + W 5 U
Hence the risk premium is approximately
V() WoU"
2 U’
where —MU[,]; is the coefficient of relative risk aversion.
(b) The coefficient of absolute risk aversion is defined by —%- whereas the coefficient of relative
risk aversion (CRRA) is —WUU, if utility is a function of wealth - or _cg, if utility is a function

of consumption. In general, whereas the CRRA is independent of wealth the CARA is not.

(c) For the HARA utility function

U
U =
%+ 2
U
U// — _
R
woU” Wo B,_1
A = — = —
CRE U’ [1 —0 a]

This shows that the CRRA depends on wealth. It follows that the risk premium is

Vi wu”
po= 2 U
V(r) Wo

2 5 +a

The risk premium increases the larger is Wy and a and the smaller are § and 0. The HARA
utility function therefore implies that the risk premium depends on wealth. Power utility, which

has a constant CRRA, does not depend on wealth.

10.2. Consider there exists a representative risk-averse investor who derives utility from current

and future consumption according to
U= ZZ:O/BSEIEU(CH-S);
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where 0 < 8 < 1 is the consumer’s subjective discount factor, and the single-period utility function
has the form

Uler) =

1-0
The investor receives a random exogenous income of y; and can save by purchasing shares in a
stock or by holding a risk-free one-period bond with a face-value of unity. The ex-dividend price
of the stock is given by P} in period ¢. The stock pays a random stream of dividends Dy, per
share held at the end of the previous period. The bond sells for PP in period ¢.

(a) Find an expression for the bond price that must hold at the investor’s optimum.

(b) Find an expression for the stock price that must hold at the investor’s optimum. Interpret
this expression.

(c) Derive an expression for the risk premium on the stock that must hold at the investor’s

optimum. Interpret this expression.

Solution

(a) The problem can be re-written as involving the recursion
Ut = U(Ct) + ﬁEtut+1

and solved using stochastic dynamic programming. Let the number of shares held during period ¢
be N and the number of bonds be NP. At the start of each period the investor can sell the stocks
held over the previous period as well as receiving the dividends on these shares. The investor’s

nominal budget constraint can therefore be expressed as
PPNP + PPN + Piei = Py + (PP + D)NZ + N2

where P; is the general price level.
Maximizing Uy with respect to {c;s, N2 ., NE} subject to the budget constraint gives the
following first-order condition

81/{15 8Ut aZ/{t-‘rl
_— — E —_— ) =
8ct act + /6 t( act ) 0
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where

8ut+1 aUt-H 5'Ct+1
Ocy  Ocp1 Ocy
_ OUpyq Ocyqn

o 8ct+1 aCt

Py

_C_U —
1 pBp,
and 8%; is obtained from the budget constraints for periods ¢ and ¢t + 1 as

8Ct 5'ct 8NtB o _P_tB Pt+1 '

80t+1 o 0NtB 80t+1 Pt 1

Hence,

ou
aCt

b

— % _BE, e —t
Ct B t[ct—‘rl PtBPt+1]

=0.

The consumption Euler equation is therefore

B [5(““)0 P ] 1

Ct PtB Pt+1

It follows that the bond price can be expressed as

Ct41\— P,
PP =F, |p(==)"7—|.
; t[m ) PHJ

The expression (%)“’P—f}l is known as the pricing kernel.

dciq1
dcy

(b) Alternatively we may obtain from

dergr  ONP e &Ptﬁ_l + Dty

dey de, ONS — PSPy

It then follows that the Euler equation can be written as

B B(Ct-ﬁ-l)fapt(Pt‘a-l_'_DH-l) 1
t Ct PtSPt+1 ’

To evaluate this we re-write it as

> ﬂ(CtH)_g P .PtS+1+Dt+1 _q
' ct Py PP .
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Ei[Xe11Yi] = B[ Xep1|Ee[Yega] + Covg(Xiy1, Yir)

we obtain
Ct41\— Pt Ptil + Dt+1
1 = F 7 FE
' [ﬂ( Ct ) Pt+1] t[ Py
Cti1y_o Po PS5+ Dip
—C 7 , .
ov [B( - ) Py o ]

From the previous expression for PP it follows that

Ct —0o Pts +Dy

5 [Ptil + Dt+1] 1= Couv[B(=) %7 “TH]

t — .
PtS PtB

Denoting the right-hand side by z;, the stock price therefore evolves according to the forward-

looking equation

1
PtS = Z—tEt(Pt‘a_l“_DtJrl)

Dy
Hj:()zt+j
Thus the stock price depends on the expected discounted value of future dividends.

. PS . +D
(c) We may interpret %st“

=1+ R 1, Where RtSJrl is the nominal equity return, and

P—lB = 1+ RP, where RP is the risk-free return on bonds. Hence we can re-write the price equation
t

for stocks as

PS5,+D
Ey {%St“] = E(1+R},)
t

P, PS%,+ Dy
1+ RB_(1+RBYC Ci+1\—o 1 t+1 H1
+ t ( + t) OUt[/B( c ) Pt+17 PtS ]

This gives

Ct+1 s Pt PS —|—Dt+1
BBy = BP) = =1+ RE)Coulp(=2H) =0 gt~

where the right-hand side is the equity risk premium. It shows that risk arises due to conditional
(and time-varying) covariation between the rate of growth of consumption and the real return to

equity.
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10.3. If the pricing kernel is M;41, the return on a risky asset is 7, and that on a risk-free asset
is ft,

(a) state the asset-pricing equation for the risky asset and the associated risk premium.

(b) Express the risk premium as a function of the conditional variance of the risky asset and

give a regression interpretation of your result.

Solution

(a) As shown in Chapter 10 the asset-pricing equation is

By [Myyr(T+7me40)] =1

and the risk premium is given by

Ei(reyr — fr) = (L4 fi)Covg(Myi1,7441).

(b) We can re-write the risk premium as

COUt(Mt+1, Tt+1)
Vi(res)

= (14 fi)beVi(risr)

Ei(rivi— fi) = (1+fi)

'V;t(""t-i-l)

where

b, = Covn(Mii1,7e41)
L =
Vi(revr)

b; can be interpreted as the conditional regression coefficient of My on riy1. Vi(ri1) can
be interpreted as the quantity of risk and (1 4 f;)b; as the price of risk. Conditional terms like
these appear naturally in up-dating formulae such as in the Kalman filter, or in recursive or
rolling regressions. In general equilibrium My is a function of consumption. by can therefore be

interpreted as expressing risk in terms of consumption.

10.4. (a) What is the significance of an asset having the same pay-off in all states of the world?
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(b) Counsider a situation involving three assets and two states. Suppose that one asset is a
risk-free bond with a return of 20%, a second asset has a price of 100 and pay-offs of 60 and 200
in the two states, and a third asset has pay-offs of 100 and 0 in the two states. If the probability
of the first state occurring is 0.4.

(i) What types of assets might this description fit?
(ii) Find the prices of the implied contingent claims in the two states.
(iii) Find the price of the third asset.

(iv) What is the risk premium associated with the second asset?

Solution

(a) An asset that has the same pay-off in all states of the world is a risk-free asset.

(b) (i) This description fits the situation where we have the following three types of asset:

B(t) = riskless borrowing and lending
S(t) = astock price
C(t) = the value of a call option with strike price K

where a call option gives the owner the right to purchase the underlying asset at the strike price
(exercise price) K. Suppose that there are possible states of nature in period ¢+ 1. If we let X (¢)
denote the vector of pay-offs on the different assets in the future states and P(t) denote a vector

of asset prices

C(t)

If f denotes the riskless rate of interest then the pay-off matrix is
1+ )B() (1+f)B()
X@)=| Sit+1)  Sy(t+1)

Ci(t+1)  Cy(t+1)
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where we can let B(t) =1 as a normalization. It then follows that

where ¢(t) is a vector of state contingent claims prices.

In the present case we have three assets and two states giving

1 1.2 1.2
q1
100 | = 60 200 )
q2
C 0 100

where in effect K = 100.

(ii) We can determine the two state prices ¢; and g2 from the first two equations to obtain

g1 = 0.060 and g9 = 0.357.

(iii) We can then use the third equation to determine the value of the third asset (the option)

as C(t) = 3.57.
(iv) The risk premium p®(t) associated with the second asset is
Sy
)= o 4 )
)
where, denoting the probability of state s occurring by 7(s),

E[S(t+1)] = 7w(1)Si(t+1)+7(2)S2(t+1)

0.4 x 60+ 0.6 x 200 = 144.

As the risk-free rate is 0.2 and S(t) = 100, the risk premium is

s
t) = ——1.2
= 0.24.
A risk premium for the call option can be calculated in the same way and is % — 1.2 =15.6.
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10.5. Consider the following two-period problem for a household in which there is one state of
the world in the first period and two states in the second period. Income in the first period is 6;
in the second period it is 5 in state one which occurs with probability 0.2, and is 10 in state two.
There is a risk-free bond with a rate of return equal to 0.2. If instantaneous utility is In¢; and
the rate of time discount is 0.2 find

(a) the levels of consumption in each state,

(b) the state prices,

(¢) the stochastic discount factors,

(d) the risk-free "rate of return" (i.e. rate of change) to income in period two,

(e) the "risk premium" for income in period two.

Solution

(a) The problem is to maximize

V =U(c) + B{r(1)U[c(1)] + 7(2)U[c(2)]}

subject to the intertempral budget constraint

c+q(M)e(l) +¢(2)e(2) =y +q(My(1) +a(2)y(2)

where ¢(1) and ¢(2) are the prices of contingent claims in the two states in the second period.

The Lagrangian is

L = Ulg)+p{r(U[c(D)] +=(2)U[c(2)]}

+A Ly +a(My(1) +q(2)y(2)y — ¢ — q(1)e(1) — q(2)c(2)].-

The first-order conditions are given by

oL ) B
2 = U©-A=0
oL / B )
dc(s) Br(s)U'[e(s)] — Ag(s) =0, s=1,2
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Thus
U'le(s)]
U'le) ’

q(s) = Bn(s) s=1,2.

Hence any income stream z(s) can be priced using

p=Syq(s)z(s) = /BESW(ng[{;[CC)(S)]x(s).

In particular, we can price the income stream y(s) by setting z(s) = y(s). And if there is a

risk-free asset then its price given a unit pay-off is

(o) = Sen(e) e —
where f is the risk-free rate of return.
Using the given values we obtain
c 1 c
q(1) = ﬂﬂ(l)m = EO-ZE
o) = Fr) = 308

We now evaluate the budget constraint noting that

0.2 0.8 2.2
+q(L)ec(1) +q(2)c(2) =c+ —c+ —c=—
c+q(L)e(l) +q(2)c(2) = ¢ 127127 12°¢

and that
y+a(1)y(1) +q(2)y(2) = 2y = 12.
Therefore
1.2 x 12
=~ = 6.55.
From the price of income
1 c 1 c
—02—5+ —0.8—10=6
12’ T 12"
or
5c 40c
—_—t —— =36
) 2
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From the risk-free bond

1 c 1 c 1
02— 08— = —
127%m T2 T 12
or
c 4c
- R — 5
a0 @

Solving for ¢(1) and ¢(2) from the two equations gives ¢(1) = £c¢ = 18.3 and ¢(2) = 2¢ = 11.9.

(b) The contingent state prices are ¢(1) = %C(Cl) =0.06 and ¢(2) = fgcé) = 0.37.

(c) The stochastic discount factors are

Thus, m(1) = 0.30 and m(2) = 0.46.

(d) If the rate of return to income is r(s) then its expectation satisfies

Bl o) — W] w0 + w(2y)

Y Y
02x5+08x10

6

1.5.

Hence E[r(s)] = 0.5.

(e) The risk premium for income p is therefore

p=E[r(s)— f]=05-02=0.3.
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Chapter 11

f—o

11.1. An investor with the utility function U(c;) = iﬁg who maximizes E;X2 (58U (cp4s) can

either invest in equity with a price of P° and a dividend of D; or a risk-free one-period bond with
nominal return f;. Derive

(a) the optimal consumption plan, and

(b) the equity premium.

(c) Discuss the effect on the price of equity in period ¢ of a loosening of monetary policy as

implemented by an increase in the nominal risk-free rate f;.

Solution
(a) We start with the Euler equation (see Chapter 10) which is also the general equilibrium

asset pricing equation when utility is time separable:

U, ,(1+
E, [ﬂ H1(U/ Tt+1_)} =1
t

1

139 In this exercise U/ = ¢;~ 7 and the real rate of

where 14y is a real rate of return and g =

return depends on the asset. For equity the real return satisfies

Ps + Dy P
Lt = tHPtS Py~ LF )

P;
Py’

where RY "1 is the nominal return on equity. For bonds

P 1 P
Py1 PP Py

Lty =1+ f)
where P, is the general price level and PP is the price of a one-period bond. There is, therefore,
no real risk-free asset in this problem.

It follows that

=1

Ct -7 Pt
Ei [B (Ct+1) P (L)

7 P, 7 P
(o5) |5 lr] e (L) mn
C+1 Py Ct41 Py
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we obtain the optimal consumption plan

—0
< Ct )G“| 1+ L CO’Ut |:(Ct+1) ,Pt+1

Ban B B
* Ly Piyq
1 _ 1+6 c -7 1
i ()"
+ T4 1+ fi Ci41 1+ m

AP . . .
where 1 = =5 is the inflation rate.

(b) The Euler equation can also be expressed in terms of the return to equity because

Ct I Pt S
1 = F —_— -1+ R
o() e
c 7 P c B =
- E B(ct ) Pt Ey [1+R{, ] + Cov, [6( ! ) Pt L1+ R
t4+1 t4+1 Ct41 t4+1

Solving from the nominal return to equity

o (an)

By [1+ R =

From part (a)
1

Bl ()" |

Hence, subtracting, the expected excess return (the equity premium) is

1+ fi =

Ey[R — fi] = B(L+ fi)Couy

< Ct I Pt RS
- o U4l
Ct+1 P

(¢) Assuming that a loosening of monetary policy has no significant effect on consumption

growth we obtain

1
I+f = —
Ct P
E [5 (Ct+1) Pt+1:|
N 1
~ -
B ]
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Hence inflation is expected to increase. We can approximate the equity pricing equation as

P
E, [Rfﬂ - ft] ~ B(1+ fi)Cov; |:P—taRtS+1:| .
t+1

The nominal return to equity is therefore expected to increase even though this would imply a fall
in Cov, {%,Rts_ﬂ] We note that a decrease is not possible because Cov,; {%,Rts_ﬂ} would
then be positive.

To find the effect on the price of equity note from its return that

Pfii+ Di

1+ R}y = S
t
Py Dy i1
= ]tggl(u- 53 ).
t t+1

Since inflation has increased we may expect dividends - a nominal variable - to increase too. If
the dividend yield is unaffected then this would imply that PEH must increase, and by more than

P?. There would then be a capital gain to equity.

11.2. (a) A household with the utility function U(c;) = In ¢;, which maximizes Ey32 (5°U(ct4-5),
can either invest in a one-period domestic risk-free bond with nominal return R;, or a one-period
foreign currency bond with nominal return (in foreign currency) of R;. If the nominal exchange
rate (the domestic price of foreign exchange) is Sy derive

(i) the optimal consumption plan, and
(ii) the foreign exchange risk premium.

(b) Suppose that foreign households have an identical utility function but a different discount
factor 3%, what is their consumption plan and their risk premium?

(¢) Is the market complete? If not,

(i) what would make it complete?

(ii) How would this affect the two risk premia?

Solution
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(a) The solution takes a similar form to that in the previous exercise but with the return to
the foreign bond replacing the return to equity. Thus,

(i) the optimal consumption plan is

146 Cty1 _ Py
K, {C—Hl] = 2= C’ovt{ ° ’Pt+1}
“ Ey {PI:‘;J
1 _ 1+ 0 Ct+1 1
E ! —Coyy | —, ———
[ t(1+7Tt+1)] {1+Rt t|: Ct 1+7Tt+1
where 741 = APT’:“l is the inflation rate.

Siq1

5 hence

(ii) The nominal return in domestic currency terms to the foreign bond is (1 + R})

ct Piy1?

ciy1 P %\ St
S 1—001)75 ,6 — (1+Rt)5'_t
E; [(1+R;‘) g“} = [ ]
t

ct Piya

By et 2]

And the foreign exchange risk premium is

S, P g
E, [(1+Rf) ;1 _ (1+Rt)] — B(1 + Ry)Cou; {th—:lpt;’(”R?) gl] '

(b) For the foreign investor the rate of return on foreign bonds expressed in its own currency

is (1+ Rt)%. Hence the consumption plan is

14+60* C [CZH P }
* T — ov 3
Ciy1 1+R} t cf TP,
B | —=

£3
Ct

and the foreign risk premium is

S * . cr P S
E; (1+Rt)5tjr1 - (1+Rf)} = [ (1+ R;)Covy {';—Jrjth,(1+Rt)StiJ ,
t t+1

where ¢} is foreign consumption and F;* is the foreign price level.

(¢) The market is not complete as the pricing kernels for the two countries are different due to
B# 5"
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(i) It would be complete if 3 = 3*.
(ii) With complete markets consumption would be the same in each country and the exchange

rate will be the ratio of the price levels so that S; =

1 B

BCov; ,(1+ Ry)

Sy }
c Pl St+1

where we have assumed that E; [Sg—tl} E, [54} = 1. As established by Siegel’s inequality, this is

not stricly correct as, to second-order aproximation, E/( 916)

St
(1+Rt)5t+

Py
B, [ﬁ Ct+1

ce Py

5]

i} (14 R)E,

t+1

Ct4+1

Ct

1+ RO |

1-(1+Ry)

P

Ct+1
+Cov; {B—Ct owwtias

Set1 1+ Ry
1-<FE
o5 e
_Et{ L

Si1 o St41
E|1+R
T+ & st} t[( + R,

Ci41
Ct

Stq1

V(z) | =
BE(x)]?

5o Lt EeP

The foreign exchange risk premium for the foreign country is then

S,
E, O+Rdst

t+1

- )

t+1 Pt

e Py

- (1+Rt)} .

B(1+ R;)Couv; [

Set1
St

_E, {(1 +RY)

i.e. equal to the foreign exchange risk premium for the domestic country.

11.3. Let S; denote the current price in dollars of one unit of foreign currency; Fi r is the

delivery price agreed to in a forward contract; r is the domestic interest rate with continuous

compounding; r* is the foreign interest rate with continuous compounding.

(a) Consider the following pay-offs:

(1) investing in a domestic bond

(ii) investing a unit of domestic currency in a foreign bond and buying a forward contract

to convert the proceeds.

Find the value of the forward exchange rate Fy r.
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city1 Py Sit1
Ly [6 Cct Pt+1:| Ly { St

St41

——, (14 Ry)

%& and PPP will hold. Hence

Ct+1 P

Ct P

t+1

| B0 )

Sy

Sy }
St+1

{BC:&H = St+1
¢t Py St

}

Py

t+1

_1 _ B(z?)
E(z) [E(2))?

Sy
St+1

I,

—@+R4

|

St
Si+1

(14 Ry)

>

St+1

Sy

1

|5

i

St+1:|

St
Si+1
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(b) Suppose that the foreign interest rate exceeds the domestic interest rate at date ¢ so that

r* > r. What is the relation between the forward and spot exchange rates?

Solution
(a) (i) Investing in a domestic bond gives the pay-off ¢(T—%)

(ii) A unit of domestic currency gives S; ! units of foreign currency and a pay-off in foreign
currency of S; 'e” (T=t). The pay-off in terms of domestic currency is Ft%f_t) No-arbitrage

implies that the pay-offs are the same, hence

o (T—1) Fyrem (T

= St

The value of the forward contract is therefore

Ft = Ste(rfr*)(Tft)

(b) If r* > r then Fy p < S;.

11.4. (a) What is the price of a forward contract on a dividend-paying stock with stock price
S¢?

(b) A one-year long forward contract on a non-dividend-paying stock is entered into when the
stock price is $40 and the risk-free interest rate is 10% per annum with continuous compounding.
What is the forward price?

(¢) Six months later, the price of the stock is $45 and the risk-free interest rate is still 10%.

What is the forward price?

Solution
(a) Assuming that dividends are paid continuously and the dividend yield is a constant ¢, at

time T the pay-off to investing in S; in a stock is Sre?(T—% . Hence, a portfolio consisting of a
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long position in the forward contract involves paying F; r for the stock and selling it for Sp. This
yields a profit at time T of

771(T> = ST — Ft,T-

A portfolio consisting of a long position in the stock and a short position in a risk-free asset
involves borrowing e~ (T~ S, At the rate of interest r this costs e" =TS, at date T. Selling

the stock for St then yields the profit
73(T) = Sp — "~ 0T=1 g,
No-arbitrage implies that expected profits for the two portfolios are the same, hence
Ey(St) — Fyr = Ey(St) — 970G,
The forward price for the stock is therefore

F,r= e(r*q)(T*t)St_

s

(b) The forward price of a non-dividend paying stock is
Ft,T = er(Tit)St.
If S; = $40 and r = 0.1 then F; ;1 = $e%-140 = $44.2.

(c) We now require Fy 1,4 = $e's 340 = $41.0.

11.5. Suppose that in an economy with one and two zero-coupon period bonds investors
maximize Fy32°0° lnciqs. What is

(a) the risk premium in period ¢ for the two-period bond, and

(b) its price in period t?

(c) What is the forward rate for the two-period bond?

(d) Hence, express the risk premium in terms of this forward rate.
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Solution

(a) From the answers to Exercises 11.1 and 11.2 the Euler equations for one and two period

bonds are
P,
B {ﬁaﬂ_t_(l_'_st)} I
Ct t4+1
Ct+1 b
B, |——— - (1+h = 1
t|: e P 1+ 2,t+1):|

where 1+ s; = %, the holding-period return on the two-period bond is given by

P
Py,

(14 Ry )~
(1 + RQvt)fn

1+hoer1 =

R, ; is the yield to maturity on an n-period zero-coupon bond and R; ; = s;. Hence

c P,
0 = E; [ AR N (h2t41 — St)]
Ct Iyl
c P, c P,
= L { S } Ei [ho 141 — s¢) + Covy [5i1—t,h2,t+1 — 3t:| .
¢t Py ¢t Py
It follows that the risk premium on the two-period bond is
c P,
Et [h27t+1 — St] = *(1 =+ St)CO’Ut |:6 1 —t, h27t+1 — St:| .
¢t Py
(b) The expected excess return can be written as
EP
Bt hog — (Lt 0] = 200l gy gy
2,t
Hence the price of the two-period bond is
Ey [Py 41]

?

(1 —|— St) {1 — COUt [/6624:1 P_f:’ h2,t+1 - 5tj| }

where B[Py 411] = Ei[72—].

1+s¢41

(¢) The forward rate between periods ¢ 4+ 1 and ¢ + 2 is obtained from

Py

1+ fepp1 = P—,
2,

)
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(d) Pyt can be written in terms of the risk premium, which we denote by ps 4, as

P Ei[P1 4 11]
ot = T——————.
1+ st+py,
It follows that
Py
1 =
+ fri+1 Py
 Pri(L+se+pyy)
E/ [Py 1]
Hence, the risk premium can be written as
E|P,
pay = (1+ ft7t+1)% — (1 +st)
1t
1+s
= (14 frar1)Ei( ) — (14 s0).

1+ 5141

11.6. Consider a Vasicek model with two independent latent factors z1; and z9;. The price of

an n-period bond and the log discount factor may be written as

pn,t _[An + Blnzlt + B2n22t]

M1 = —[211 + 22t + A€1,e41 + A2€2 141

where the factors are generated by

Zigy1 — My = Oi(Zit — ;) +e€ipy1, i=1,2,

(a) Derive the no-arbitrage condition for an n-period bond and its risk premium. State any
additional assumptions made.

(b) Explain how the yield on an n-period bond and its risk premium can be expressed in terms
of the yields on one and two period bonds.

(¢) Derive an expression for the n-period ahead forward rate.

(d) Comment on the implications of these results for the shape and behavior over time of the

yield curve.
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Solution

(a) The pricing equation for an n-period bond is
P = Ey[Myy1Py_1441]-

Assuming that P, ; and M;; have a joint log-normal distribution with p,; = In P, ; and m4q =
In M4, gives

1
Pt = Ey(mit1 + pn—1,441) + §Vt(mt+1 + Pn—1,441).

Hence, as Py =1, and so p,+ =0,
1
pit = Bemyyq + §Vt(mt+1)-
The no-arbitrage condition is
1
Eippn_1,441 — Pnt + D1t + §Vt(pn—1,t+1) = —Cove(Mi41,Pn—1,t41)

and the risk premium is —Covy(Myt1,Pn—1,¢41)-

Evaluating

Eimir +pn-1441] = —[Zizi + An1 + 5B 1 Eizi 141]

= —[Bizi+ A1 +EBin-1[p;(1— ;) + ¢;2 4]
where ; = ¥?_| and

Vilmis1r + pn—1441] = Vi[Bi(Nieit+1 + Bin—1€it41)]

Yi(Ni + Bin_1)?0?

Rl

the log pricing equation becomes

1
—[An + XiBinzit) = —[An—1 + XiBi_1p;(1 — ¢;)] — Ei[l + ¢; Bijn—1 — §(>\i + Bin-1)*0})zis-

s

Equating terms on the left-hand and right-hand sides gives the recursive formulae

An = An—l + EiBim—lui(l - ¢z)
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1
Bin=14+¢,Bipn-1— 5(/\1 + Bin_1)?0?

K2
Using po,r = 0 we obtain Ay =0, B;p =0, B;1 =1— %)\?03 and A; = 0. Hence
s = —pre=A1+XBi1%iy

1
= Zi(l — 5)\?0’?)2’1'715.

The no-arbitrage condition is therefore
Lo 2 2
Eipn—1,t41 — Pnt + D1t = Ei[_§Bi,n710’i + AiBin—107].
The first term is the Jensen effect and the second is the risk premium. Thus

. . 2
risk premium = — Covi(Mi41,Prn—1,4+1) = LA Bin_107.

(b) The yield on an n-period bond is

1 1
Rmt = ——DPn,it = _[An + ZiBimzi,t]
n n

Hence

s = —prp=A 5Bz
1 1
Roy = —§P2,t = 5[142 + %, Bi 22 1]

are two equations in two unknowns z; + and zg ¢, where A,, and B; ,, are functions of the parameters.

Thus, from the recursions

Ay = A +5Biap(1—9¢;)

Sl - SRRl - )

and

1
Bis = 1+¢;B;1— 5()\2‘ + Bj1)%0?

1 1 1
= 1+6,(1-N0]) — 5N+ 1= Xod)’07.
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We can therefore solve for z; ; and 22, as functions of the two yields s; and Ry - or any other
yield. Knowing z; ; and 23 ; we now can the solve for R, ; and the risk premium on an n-period

bond.
(¢) The n-period ahead forward rate is

ft,t+n = Pn—-1t — Pnit
= A, — A1 +5i(Bin— Bin-1)zis

1
= XiBin_1p;(1— ;) +5[—(1 —¢;)Bin-1— §(>\z + Bin-1)?03]2i 4.
This too can be expressed in terms of the yields s; and Ry, - or any other yield.

(d) Broadly, the shape of a yield curve can be described in terms of its level and slope - or
curvature. The level largely reflects the effects of inflation and the real interest rate both of which
are captured in the short rate s;. The slope largely reflects how inflation is expected to change
in the future - up or down - and the greater risk at longer maturity horizons. Curvature reflects
expected changes in the rate of inflation over time. We note that as, in effect, the first factor z; ¢
is s¢, the model captures this aspect of the yield curve well. The second factor 23 ; has to capture
all other features of the yield curve which, in general, it will be unable to do. In particular, it
will be unable to pick up any curvature in the yield curve. Further, the risk premium varies with
the time to maturity, but is independent of z;; and z3; and is fixed over time. This is a major

weakness of the model.

11.7 In their affine model of the term structure Ang and Piazzesi (2003) specify the pricing
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kernel M, directly as follows:

£
My = exp(—s) 2t
&
sy = 0g+ 5'12,5
2 = p+¢'zmo1+Sep
¢ 1
2L = exp(—=MAr — Nevy)
& 2
At = Ao+ Mz
Pnt = An + B,:th

(a) Derive the yield curve, and

(b) and the risk premium on a n-period yield.

Solution

(a) We start with the asset pricing equation
Pt = Ey M1 Pr—1 141
so that for P, ; and M;; jointly log-normal with p; = In P, and myy; = In M;;; we have
1
Pt = Ey(mig1 + Pn1,e41) + §Vt(mt+1 + Pn—1441)-

As poy =0 and s, = —p1 4,

1
—5¢ = Ey(myqq1) + EVt(th)

Given the set-up of the exercise, it follows that §g = —A1, 01 = —Bj,

1
Et(mt+1) = —St — §Vt(mt+1)

e P
and, since Fiepqi€},q =1,

1
V}(mt_H) = 5)\2)\,5
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Hence,

mipr = —sp+Aln,
= 1/\’/\ by
= —St— 5 tAt = A€l

1
= —(50 - (5/12’,5 — 5/\2)\75 — /\26,*,4_1.

Evaluating p,: we obtain

1
Pt = Ei(mppr +pn_1e41) + §Vt(mt+1 + Pn—1+41)
1 1 1
An+Blzy = —80— 012 — §A;At + A, 1+ B, (p+¢'z)+ 5)\;& + §B;,122’Bn,1 + Y B,y
1
= -0z + A1 +B, (p+d'z)+ §B;,122’Bn,1 + Bl 13X+ A12t)
where

1
An = *50 + An—l + B;L—liu + 53%_122/37#1 + B;L—12>\0

1
B, = —8i+9¢Bu1+ 5B, TX' By + Bl T
We note that, as required, A1 = —dg, B1 = —01.
(b) The risk (term) premium is therefore

risk premium = —Covy(Myt1, Pn—1,14+1)
o /
- _B._ %\

= =B, 3o+ Az)

This depends on the factors z;, which may be a mixture of observable and unobservable variables,

and the coefficients B,,_; which depend on n, the time to maturity.
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Chapter 12

12.1. According to rational expectations models of the nominal exchange rate, such as the
Monetary Model, an increase in the domestic money supply is expected to cause an appreciation
in the exchange rate, but the exchange rate depreciates. Explain why the Monetary Model is

nonetheless correct.

Solution

The question is play on words. Nonetheless, it highlights an important feature of bi-lateral
exchange rates, namely, that they are asset prices and hence respond instantaneously to new
information. Both the spot rate and expected future exchange rates respond. As a result, the
expected change F;As; 1 may, for example, increase but the spot rate may increase or decrease.

In the Monetary Model in Chapter 12 the exchange rate is determined from the uncovered
interest parity condition

Ry = Ry + EtAstq,

which implies that

St = Et8t+1 + ch — Rt

>, (Rivi— Revi).

From PPP and the two money markets, international differences in money supplies or output
affect the interest differential and through this the (log) nominal exchange rate s;. The solution

for the exchange rate was shown to be

A \" A =1/ X \° - -
5t = (H—A) Et8t+n+l+—>\zi:0 (m) By {mt”_y“i]

where m; = my — mj, the log difference between the money supplies.
It follows that the effect on s; of an unexpected increase in m; - holding the other exogenous

variables mj, y; and y; fixed - may be obtained from

1
St = H—/\mt > 0.
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Hence the spot exchange rate jump depreciates. As the exchange rate returns to its original level
next period,

1
Et8t+1 — St = —mmt <0

This implies that there is an expected appreciation of the exchange rate next period even though
the spot rate is predicted by the Monetary Model to depreciate in the current period.

Put another way, the increase in m; reduces R; and raises s;. It also decreases Rf — R; and
hence, from the UIP condition, EtAss11 = Ersir1 — s¢ < 0 - i.e. the exchange rate is expected to

decrease.

12.2 The Buiter-Miller (1981) model of the exchange rate - not formally a DGE model but,
apart from the backward-looking pricing equation, broadly consistent with such an interpretation

- may be represented as follows:

ye = a(se+pi —p) — B[Ry — EtApeia) + g0 +7y;
me—pr = Y — ARy
Apir = Oy —yp)+f
Elsis1 = Ri— R

where y is output, y™ is full employment output, g is government expenditure, s is the log exchange
rate, R is the nominal interest rate, m is log nominal money, p is the log price level, 77 is target
inflation and an asterisk denotes the foreign equivalent.

(a) Stating any assumptions you make, derive the long-run solution.

(b) Derive the short-run solution for the exchange rate.

(c) Hence comment on the effects of monetary and fiscal policy.

Solution
(a) Assuming that there is a steady-state solution, and this involves a constant rate of growth

of the money supply equal to ﬂ'f , and that g, yi, y* and R} are constant in the long run, we can
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re-write the model in steady state as

y = a(s+p —p) - BR-7")+g+y"
m—p = y—AR
™ = y—y")+7"
0 = R—R*

It follows that y = y™, R=R*, p=m — y" + AR",

s o= p-p - —g—w)+ (R -7
6 -« n 1 * * B *
= m——n ———y" — —(g+w") —p + (A + DR
« (0% « (0%

(b) To obtain the short-run solution first we reduce the full model to two equations - in p; and
s¢ - by eliminating the other endogenous variables. First, eliminate R; using the UIP condition.
Second, eliminate y; from the money demand and price equations. This gives the first equation

below. Third, eliminate y; from the money demand and demand equations. This gives the second

equation.
pir1 — (L =0N)py —ONEisi 1+ 0hsy = ay
BEpii1 — (B+AN)Etse1+(L—a—=B)pe+ (a+ B+ N)se = b
where
ar = O(my+ AR —y!) + 77 —ern
be = my—gi—vy; —oapi + (B+ AR

and Et+1 = Pt+1 — Etpt+1~
Introducing the lag operator Lz; = x; 1 and L~ 'x; = Fyx4y1, we can write the model in

matrix notation as

- 1—-(1-6NL -0+ 0ML Dt ay

B+(1—a—-B)L —(B+AN)+(a+8+A)L St by
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or as

NI 1—6x  —6) e
L - L

B —B—A a+p-1 —(a+pB+N) St
We now use the result in the Appendix that if
B(L)Zy = 21
where B(L) = I — AL then the eigenvalues can be obtained from

det B(L) = 0

‘We also note that

det(I — AL) = (1—ML)(1— ML)

1—(A+ X)L+ A L2

= 1—(trA)L + (det A)L?

where the roots v, = )\% are obtained from

O, o) = %trA n %[(trA)2 — 4(det A)]}

and are approximately

det A det A
{)\1, )\2} >~ {tT‘—A’ trA — W}

We also note that if det(I — AL)|=1 < 0, then the solution is a saddlepath.

The model can be written as
(P - QL)Zt+1 = Zt,

or as

(I -P'QL)Z; 1 = P 2.
We require det(I — AL)|p—1 = det(I — P~'QL)7—;. We note that
det(I — P7'Q) = (det P)"' det(P — Q)
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Hence

—1

det(I — AL)|p=1 = det det
8 ==X l—-a «

ab )
BON— B — A

The model would therefore have a saddlepath solution if det P = B0\ — f — XA < 0 - i.e. if

B+ A7 > 6. It can shown that this is NOT the case as assuming a saddlepath solution gives

the wrong signs on the effects of monetary and fiscal policy. Instead we assume that A, Ay > 1
Noting that the inverse of B(L) is the adjoint matrix of B(L) divided by the determinant of

B(L)

_1_ adjB(L)
B = 3 B(L)

we can write the model as

det(I — P7'QL)Z41 (1= ML)Y(1 =X L) Zs4y

adj(P — QL)

det P =t

where

—B+AN)+(a+B+ANL OX—0OAL
adj(P — QL) =

B-(1-a-p)L 1—(1—6NL

and det P = O\ — 5 — \. Assuming that A1,A2 > 1 we therefore have

2/1 _y—lp—1y/1 _ y—l7-1 _ adj(P — QL)
)\1)\2L (1 /\1 L )(1 )\2 L )Zt+1 = —detP Zt
Thus
1 A At adj(P — QL)
VA —2 1 + 2
s N W oy S B vy o) B

1 —(i+1) 7 —(i42 —(i+1)  —(i42); 04 (P — QL)
= W A L) S -G 2 )
Mg o A =GP

2t

It can now be shown that the solution for the exchange rate in response to the exogenous variables
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my and g is

1 —(iH+1) p—(i41) | \—(+1) 7 —(i41)
= Yi—o[A L7 4+ XA L= 1-06)+L
5t (AL 4 X2)(B+ X — 66N o[\ 2 KI( B) Jme

H(1 = (1= 0N Llg:}

Sico{ ATV I - 08 — 0(1 — « — B)] By
1
B (M +2)(B+ M= 50N +(1 = 08)Eymyyit]

—Sico{ AT TN - 0N Ergeri — Ergerin]

(c) It can now be seen that in the long run an increase in the money supply causes the exchange
rate to depreciate due to a fall in the doemstic interest rate, and an increase in government
expenditures causes the exchange rate to appreciate due to a rise in the interest rate. The impact
effect of an increase in m; is to depreciate the exchange rate if 1—6A\—60(1—a— ) > 0. The impact
effect of an increase in g; is to appreciate the exchange rate if 1 — 6\ > 0. But an anticipated
increase in g;41 would cause the exchange rate to depreciate in period ¢ in order that it would be

expected to appreciate between periods ¢t and ¢t + 1 as a result of the change in g;y1.

12.3 Consider a small cash-in-advance open economy with a flexible exchange rate in which
output is exogenous, there is Calvo pricing, PPP holds in the long run, UIP holds and households

o0

maximize E]:()Bj In c¢1; subject to their budget constraint
StAFt—',-l + AMt+1 + PtCt = Ptll't + R:StFt

where P; is the general price level, ¢; is consumption, x; is output, F; is the net foreign asset
position, M; is the nominal money stock, S; is the nominal exchange rate and R} is the foreign
nominal interest rate.

(a) Derive the steady-state solution of the model when output is fixed.

(b) Obtain a log-linear approximation to the model suitable for analysing its short-run behavior

(¢) Comment on its dynamic properties.
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(a) The problem for the domestic economy is to maximize E;?’;Oﬂj Inc;t; with respect to
consumption, money and net foreign asset holdings subject to the budget constraint and the

cash-in-advance constraint. The Lagrangian is

B0 Crj + M [ Prpjers + (L4 Riyj)Set Frrj + Mt

o0
£=>
=0 =S Frjr — Megjin — Prjerrjl iy j(Mey s — Pryjerrg)

The first-order conditions are

oL B
= 2Oy VPi=0 >0
Derr Cors (Attj + fqj) Pesj J 2
oL . .
ap . = Ml Ri)Se = Maj1Sey-1 =0 5>0
t+j
oL
= Meaj— Aeaj = > 0.
YA t4j — Maj—1 ;=0 >0

The consumption Euler equation is therefore

5CtPtSt+1(]. + R?) _ ﬂCtPt(]. —+ Rt) _ ﬁCt(l + Tt) -1

P 1Sicia Piiicit Ci41

where r; is the real interest rate defined by

In steady state, Ac;+1 = 0 and , if 5 = ﬁlg, then r; = 0. The steady-state level of consumption
is
c=x+ RSf

where z; = x and f = % is the real foreign asset position.

(b) In the short run the economy is described by the following equations

BeePr(1+ Ry)

=1
Piiici
StAFt—i—l + AMt+1 + PtCt = Pt$t + R:StFt
Mt = PtCt
T = Ty (st +pf —pe—1) + 1_ml71't+1
St41(1+ R
1+ R = 1 (1+ t>7

Sy
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where the fourth equation is the Calvo pricing equation (see Ch 9 for the definition of the para-
meters) and the fifth equation is UIP; p; = In P;, 7 = Ap; and s; + p; is the "desired" value of
P+, which is the logarithm of the PPP price where s; = 1InS; and pj = In P}, the world price. In
the pricing equation and UIP the conditional expectation has been omitted.

A log-linear approximation to the model about 7 = R* =0 is

Alnct+1 = Ri+m1— 0
S m Sf+m T S
—fAln fro1+ —Alnmyy +Ine + fiﬂ-t+1 = —Inz+ —th
c c c c c
_ pl—9) . ol
T = 1= (8¢ +pf —pe-1) + 1*0’)/7““
Rt = R: +A8t+1
where m; = %‘ and 7 = 1.

The dynamic behavior of the model must be analysed numerically due to the number of roots
the model has. The presence of both leading and lagged terms indicates that the solution to
the model will have both forward and backward looking components and, almost certainly, a
saddlepath solution. The backward-looking component is due to the Calvo pricing equation. If
p = 0 then the solution would be just forward looking. This is when the probability of being able
to adjust prices in any period is zero.

Numerical analysis shows, for example, that a temporary increase in domestic money causes
a temporary depreciation of the exchange rate, a temporary increase in the domestic price level
and consumption and a temporary fall in the domestic interest rate. A temporary increase in
foreign prices (i.e. to the target price level) causes a temporary appreciation of the exchange
rate, a temporary increase in the domestic price level and interest rate and a temporary fall in
consumption. In each case the movement in domestic prices is small and the exchange rate is large

showing the key role of a floating exchange rate in smoothing domestic prices from such shocks.

12.4. Suppose the global economy consists of two identical countries who take output as given,
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have cash-in-advance demands for money based on the consumption of domestic and foreign goods
and services, and who may borrow or save either through domestic or foreign bonds. Purchasing
power parity holds and the domestic and foreign money supplies are exogenous. Global nominal
bond holding satisfies By + S¢B; = 0 where S; is the domestic price of nominal exchange and
B; is the nominal supply of domestic bonds. The two countries maximize Ej‘?ioﬁj Inciy; and
X320 67 In cty;» respectively, where ¢; is real consumption. Foreign equivalents are denoted with
an asterisk.

(a) Derive the solutions for consumption and the nominal exchange rate.

(b) What are the effects of increases in

(i) the domestic money supply and

(ii) domestic output?

Solution
(a) Let the two countries be a (the domestic economy) and b (the foreign economy). Consider

first the domestic economy. The nominal budget constraint is
AB{,, + SiABT + AME | + St AMY ) + Picf + Si P cf™ = Pivy + Ry Bf + Si R} B{"™

where P; is the general price level, ¢f and cf* are domestic consumption of domestic and foreign
goods and services, By and By* are domestic nominal bond holdings, M} and M/* are domes-
tic nominal money holdings required for purchasing domestic and foreign goods and services,
respectively, and R; and R} are the domestic and foreign nominal interest rates.

PPP - or the law of one price as there is only one good produced in each country - implies
that P, = S; P and the cash-in-advance constraints give Pcf = M{ and Pjc{* = M*. Further,
¢t = cf +cfr.

The problem for the domestic economy therefore is to maximize with respect to consumption
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and bond holdings the Lagrangian
B cerj + Mg [Prajtery + (L4 Rey) By + Serj (L+ Ry ) B + My + Se g MY,
[ee]
L= ZO =By i1 = S B — M — Seg AME o — Piyjely; — Si Pl ety ]
J:
e (M — Pegjcty ;) + vea (S My — Seqi Py i)

The first-order conditions are

oL B
= — (M4 )Py =0 >0
e, Cors (Aets + pe5) i Jz
oL g
= = — — (Mg S Pl =0 >0
acgﬂ_ Cies (At + Vi) Seri Py J 2
oL
= M0+ Rj) = Apjo1=0 >0
OBy, t45 (14 Riegj) — Aewjaa Jj>
oL . '
9B AriSerj(1+ Riy i) — Aeyj-1St45-1 =0 j>0
t+g
oL
—— = A — A .= ]
3Mf+j t+j t4j—1 T Mg 0 i>0
oL
aMﬁjj t+j t4i—1 F Vg St =0 7>0

It follows from the third and fourth equations that

Sty1(1+ R
1+ Ry = t+1( t+1)
St

which is the uncovered interest parity condition (based on perfect foresight). Given PPP, the

consumption Euler equation is

BCtPt(l + Rt) _ 5015(1 + T‘t)
Piiici Ct41

=1

where 7; is the real interest rate defined by

For the foreign country the budget constraint is
ABYy + ABY /Sy + AMPE + AMY, /Sy + Prcy* + Pict /Sy = Pray + Ry BY* + R.BY/S;,
and the Euler equation is

Ber(1+17)

£3
Ceta1

=1
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In steady state, Aci11 = Acy; =0 and , if § = then r, = r; = 6. It follows from UIP

1
1+6°

that

Pr .
(1+Riy1) = P*t (1+Riyy)
1
S Py
= ——(1+R
S )

Py

or

PSP
Pt+1 St+1Pt*+1

which is relative PPP; it also follows from PPP.
Noting that B; = B + B, B = B#* + BY*, M; = M + M} and M; = M + M}*, the sum

of the two budget constraints is
Bt+1 + StB:+1 +AMt+1 +StAMt*+1 +PtCt +StPt*C: = Ptl't +StPt*$;k + (]. +Rt)Bt +St(1 +R:)B:
Hence, from the condition B; + S;B; = 0 and PPP,

* * * * *
¢ + Cp = T¢ + Ty — Amt+1 — T41Mt41 — Amt+1 — 7Tt+1mt+1.

where m; = %ﬁt, Tyl = M;tt“ and an asterisk denotes the foreign equivalent. Thus, total "world"
consumption equals total "world" income less changes in domestic and real money balances and
the effects of domestic and foreign inflation in eroding real money balances. In steady state, the
changes in real balances are zero and so world consumption equals total world income less inflation
effects on real balances.

The nominal exchange rate is obtained from the relative money supplies of the two countries
(which equals their relative money demands) which, as PPP holds and consumption is the same

in each country, is

M, Mg+ M

W T e
Picd + Pt Pt + ) ot cb*
e+ Pd P d) g
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Hence

M " +c

S = .
M cf + b

If the two countries had identical incomes then this would reduce to S; = %
t

(b) (i) An increase in the domestic money supply would raise S; proportionally, i.e. cause a
depreciation of the exchange rate. It would also cause a corresponding increase in the domestic
price level, thereby maintaining the real domestic money supply. Consumption would remain
unchanged.

(ii) As utility is a function of total output, domestic and foreign output are perfect substitutes.
Consequently, the domestic economy can choose to consume only domestic output and not import
from abroad. An increase in domestic income would cause a corresponding increase in domestic
consumption. This would raise the demand for real money. As the nominal money supply is
unchanged, a fall in the domestic price level is required. Since PPP holds, the nominal exchange

rate Sy must therefore fall, i.e. the exchange rate appreciates.

12.5 Consider a world consisting of two economies A and B. Each produces a single tradeable
good and issues a risky one-period bond with real rate of returns 7 and 7, respectively.
(a) Express the real exchange rate e; between these countries in terms of their marginal utilities.
(b) Derive the real interest parity condition.
(¢) How is this affected in the following cases:
(i) both countries are risk neutral,

(ii) markets are complete?

Solution

(a) Each country maximizes inter-temporal utility subject to their nominal budget constraint
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then each satisfies the first-order conditions
5jUt/+j = MyjPiyj j=>0
ML+ Reyj) — Xjm1 = 0 7>0

where U’ is marginal utility, P is the price level, R is the nominal return and \ is the Lagrange
multiplier (the marginal utility of wealth). Hence

PA_UAN

PP U A
If S; is the nominal exchange rate (the price of country A’s currency in terms of country B’s) then

the real exchange rate is

_5PA
=57

UP A2

€t = St

(b) Eliminating the Lagrange multipliers from the two first-order conditions gives the Euler

equation

BU 1 Py(1+ Riy1) _ BU{ (1 +7111)
U7 P 0l

where

Pi(1+ Riyq)

1+r1 = 2
t+1

hence 4 and B are related through

5AUtIf1(1 + rﬁu) _ BBUt/fl(l + 7”5—1)
Ut’A Ut’B '

or
L+ _ BP0 0P
Ltrdy AU, U

(¢) (i) Under risk neutrality U, = ¢,. Hence

A B B B
I+77, . B Ct+1/ct

B LA
L+ry Bo%h /o

(i) In complete markets U, 4 = U;B and 4 = 8P, Hence

A _ B
Ttv1 = Teg1-
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Chapter 13

13.1. Consider the following characterizations of the IS-LM and DGE models:

IS-LM
y = clyr)+ily,r)+g
m—p = L(yr)
DGE
Ac = —l(r—G):()
g
y = c+i+g
y = f(k)
Ak = i
fo =7

where y is output, ¢ is consumption, ¢ is investment, k is the capital stock, g is government
expenditure, r is the real interest rate, m is log nominal money and p is the log price level.

(a) Comment on the main differences in the two models and on the underlying approaches to
macroeconomics.

(b) Comment on the implications of the two models for the effectiveness of monetary and fiscal

policy.

Solution

(a) The first two equations are IS and LM equations denoting equilibrium in the goods and
money markets respectively. They incorporate the consumption and investment functions and the
demand for money. The IS and LM equations determine y and r. It is implicitly assumed that
there is no inflation, hence the real interest rate is present instead of the nominal interest rate.

The principal additional feature of the DGE model is the inclusion of capital. This is a crucial

difference. Whereas equilibrium in the DGE model is unique, involving a single value of the capital
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stock, equilibrium in the IS-LM model is not unique as it is consistent with an infinity of values of
the capital stock. The equilibrium in the DGE model is known as a stock equilibrium, and that
in the IS-LM model is a flow equilibrium.

The determination of the capital stock involves an inter-temporal decision, i.e. concern not just
for the present but also the future. There would no point in retaining any capital after the current
period if there were no future. The presence of investment in the IS-LM model and the absence of
capital indicates an emphasis on the present unaffected by future considerations. Consequently,
the IS-LM model is at best suited to the short-term, whereas the DGE model is also appropriate
for the longer term and, in particular, for the analysis of growth.

These distinctions arise from a more fundamental difference in approach to macroeconomics.
The key issue dealt with in the DGE model is that of consumption today or consumption in
the future. The role of investment, and hence capital, is that of transferring resources from
consumption today to consumption in the future. The real interest rate plays a key role in this
decision as it determines whether or not deferring consumption increases utility. The real interest

rate is obtained from the productivity of capital rather than monetary policy.

(b) The Keynesian IS-LM model was developed in an era of low inflation. An increase in the
nominal money supply was therefore, in effect, an increase in the real money supply and, according
to the IS-LM model, this has real effects - on output and the real interest rate. In particular, a
monetary expansion raises output.

Money is absent in the RBC model. When introduced in the form of a cash-in-advance con-
straint, changes in nominal money have no effect on real variables due to a corresponding change
in the price level that leaves real money balances unchanged. Thus monetary policy is ineffective.

Accumulated empirical evidence showed that in fact money did have real effects, but only in
the short term - for about 18 months - until the price level caught up, after which the predictions

of the RBC model held. The second generation of DGE models (or dynamic stochastic general
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equilibrium - DSGE - models, if allowance is made for uncertainty), which introduced sticky prices,
were largely designed to deal with this problem.

Fiscal policy in the IS-LM model has a strong real effect. This is because both the household
and the government budget constraints are ignored. It is implicitly assumed that any government
deficit is either bond or money financed but the need to redeem bonds in the future, and the
inflation tax associated with nominal money expansion, are also ignored.

In the DGE model above, an increase in government expenditures crowd out consumption one
for one, and there is no effect on output. This is because, implicitly, households perceive that
taxes will rise in the future to pay for the increase in government expenditures. Fiscal policy is
therefore ineffective in this DGE model.

Evidence on whether in fact fiscal policy has any effect on output is still unclear and divides
professional opinion. The case for its effectiveness requires a weakening of some of the assumptions
of this DGE model. For example, perhaps some households are myopic about the future, or some
households face borrowing constraints and are therefore unable to smooth consumption, or markets
fail to clear resulting in unemployed resources, especially of labor. Once again, these are essentially

short-term phenomena.

13.2. (a) How might a country’s international monetary arrangements affect its conduct of
monetary policy?

(b) What other factors might influence the way it carries out its monetary policy?

Solution

(a) The prime aims of international monetary arrangements are to facilitate economic activity
and maintain competitiveness. Some types of arrangements also control prices and inflation and
supplant domestic monetary policy. Others require a separate monetary policy.

The main types of internationbal monetary arrangements are the gold standard, and fixed or

floating exchange rates. Under the gold standard, competitiveness is automatically maintained by
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fluctuations in the price level. If prices are not sufficiently flexible, recessions may occur whilst
prices adjust. There is no tendency for inflation unless the gold supply increases either as result
of domestic or world gold extraction, or domestic accumulation of gold through persistent trade
surpluses - or, historically, as bounty. The role of monetary policy under the gold standard is to
maintain a fixed parity between gold and fiat currency.

Under fixed exchange rates domestic currency has a fixed rate of exchange rate with other
currencies. In practice, domestic currency is tied to a world reserve currency, currently the US
dollar. This implies that US monetary policy is not necessarily tied to anything and is at the
discretion of the US. The monetary policy of countries tied to the dollar is curtailed; it is simply
to maintain the fixed parity. This requires maintaining competitiveness using interest rates. The
euro system is a slightly different fixed exchange rate arrangement, involving a common currency
administered by a federal body, the ECB. As in the US federal system, the same currency is used
in each country (state).

Under a floating rate system a country has no foreign nominal anchor and must use its monetary

policy to provide one. In effect, each country therefore becomes like the US in this respect.

(b) If, in the long run, inflation is entirely a monetary phenomenon, long-run monetary policy
must be to control inflation. In the short run, however, as monetary policy has real effects, it may
also be used for stabilization policy. This can be with the aim of controlling domestic demand or
the exchange rate, and hence competitiveness and trade. The remits of central banks differ in the
extent to which monetary policy is allowed to be used for stabilization policy. For example, the
Bank of England and the ECB act as strict inflation targeters while the US Fed acts as a flexible

inflation targeter.

13.3. The Lucas-Sargent proposition is that systematic monetary policy is ineffective. Examine
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this hypothesis using the following model of the economy due to Bull and Frydman (1983):

v = a1+ az(pr— Eipy) +
de = B(me—p)+ v
Ape = 0(p; —pi-1),

where y is output, d is aggregate demand, p is the log price level, p* is the market clearing price,
m is log nominal money and v and v are mean zero mutually and serially independent shocks.
(a) Derive the solutions for output and prices.
(b) If my = p + & where &; is a mean zero, serially independent shock, comment on the effect
on prices of
(i) an unanticipated shock to money in period ¢,
(ii) a temporary anticipated shock to money in period ¢,
(iii) a permanent anticipated shock to money in period t.

(c) Hence comment on the Lucas-Sargent proposition.

Solution

(a) Under market clearing y; = d; hence the market-clearing price evolves according to
(g + B)p; — aoEr_1p} = —ag + fmy — uy + v = —aq + e
If the solution to p; is p; = v + A(L)e; then
By + (as + B)A(L) — as[A(L) — ag)les = —aq + €.

Hence,

The solution is therefore

aq 1-— Q200

PTTE TS
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Due to the presence of ag the solution is not fully determined.

To derive the solution for p; we substitute the solution for p; in the third equation to obtain

o 0(1 — asa
pt = —71 +(1=0)p—1 + %et-
It follows that
0(1 — asa
p: — Ey_1py = %et-

Hence the solution for y; is

0429(1 — Oégao)

B

0429(1 — Oégao)

8

Yt = 01 et + ut

0420(1 — agao)

(Bmy + o) + (1 = 3

Yug.

= 051

(b) (i) If m; = p + ¢ then an unanticipated shock in period ¢ is a change in ;. The effect on
P is obtained from
(e 0(1 — aza
pp = _71 +(1—0)pi_1+ wgt_

(ii) A temporary anticipated shock has the same effect as the solution is backward and not

forward looking.

(iii) From the short-run solution for p;, the long-run solution is obtained from

(5] 1— Q200

Pt = B 3 €t
- ‘%Jrl_gaz%(ﬁmt—uﬂr%)
- _% +%[5(M+Q)—“t+vt]’
and is
D= —% + (1 — agag)p.

In the model, equilibrium implies that Ap; = 0, p; = pi—1, Er—1pt = pr, di = yr and uy = v, =

e+ = 0. Hence we obtain



The solutions are the same if ag = 0.

(c) The ineffectiveness referred to in the Lucas-Sargent proposition is the effect of money on
output. The solution above shows that money affects output in the short run but not the long

run.

13.4. Consider the following model of the economy:

Ty = *5(Rt - EtWt+1 - 7’)
T = Et7Tt+1 + oz + e
R = ’Y(Etﬂt-s-l - 77*);

where 7; is inflation, 7* is target inflation, x; is the output gap, R; is the nominal interest rate
and e; is a mean zero serially independent shock.
(a) Why is the interest rate equation misspecified?
(b) Correct the specification and state the long-run solution.
(c) What are the short-run solutions for 7, z; and R;?
(d) In the correctly specified model how would the behavior of inflation, output and monetary
policy be affected by
(i) a temporary shock e;
(ii) an expected shock e;y1?

(e) Suppose that the output equation is modified to

Ty = *B(Rt — Etﬂt+1 — 7‘) — 06,5,

where e; can be interpreted as a supply shock. How would the behavior of inflation, output and

monetary policy be affected by a supply shock?

Solution
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(a) The interest rate equation is misspecified unless the real interest rate r and target inflation

sum to zero. Otherwise it should be

Rt =T +7T* +’Y(Et7rt+1 — 7'('*).

(b) The long-run solutions are then x =0, 7 = 7* and R =71+ 7*.

(¢) Solving the model for m; we obtain

e =[1 —aB(y — DB + af(y — D)™ + e

This has a unique forward-looking solution if v > 1 and is

T T+ X201 —aB(y — 1) °Ererss

= 7+ e

As Eymyy 1 = m*, the short-run solutions for z; and R; are

Ty = 0

R, = r4+n*.

(d) (i) In period ¢ inflation would increase by the full amount of the temporary shock e;, but
output and the nominal interest rate would be unaffected.

(11) If Et€t+1 = €41 then

o= 7+ [l—afly = D] e
ze = —Bly—Dl—aBly—1)] ter
Ry = r+a"+9[l—aB(y —1)] tersr

(e) The shock e; now raises inflation and reduces output, which is characteristic of a supply
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shock. The short-run solutions are now

T o= 7 +E2(1—af)[l —aB(y - 1) Ererys
= 74+ (1—ab)e

vy = —HOe;

R, = r+a".

Hence the effect of a temporary shock on inflation is less but now output falls. Monetary policy
is still unaffected by the shock. This is because it responds to expected future, and not current,

inflation.

13.5 Consider the following New Keynesian model:

T = ¢ + 5Et7rt+1 + YT + Ert
vy = By —o(Ry — Eymeypr — 0) + eqn
Ry = 0+7"+p(ne —n%) + vz + e,

where 7; is inflation, 7* is target inflation, x; is the output gap, R; is the nominal interest rate,
ert, €zt and epg are independent, zero-mean iid processes and ¢ = (1 — 8)7*.

(a) What is the long-run solution?

(b) Write the model in matrix form and obtain the short-run solutions for inflation and the
output gap when > 1 and p < 1.

(¢) Assuming the shocks are uncorrelated, derive the variance of inflation in each case and
comment on how the choice of y and v affects the variance of inflation

(d) Hence comment on how to tell whether the "great moderation" of inflation in the early

2000’s was due to good policy or to good fortune.

Solution
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(a) The long-run solution is 7 = 7*, x = 0 and R = 0 4+ «*.

(b) The model written in matrix form is

1-BL71 —y 0 T o} Ert
—aL™1 1-L1 « e | = | af T ep
— —v 1 R, 04+ 7*(1—p) eRt

This has the general structure

B(L)ze =n+¢&;.
The inverse of B(L) is

l+av— L7t ¥ —ary
B =gz | —aw—L7)  1-4L a1 LY ,
pAt (o —p) L7 (v4py)+BrL™r 14+ 1+ B+ay)L ™t +pL72

where the determinant of B(L) is
FIDL2=1+av+uwy) —[1+B(1+av)+ay]L™ + L2
Premultiplying the matrix equation by the adjoint of B(L) gives the following equation for
1+ a(v+ py)]me — 14 B(1 + av) + ay]|Eimeyr + BETire = vy,

where

v = a(vd — ™) + (1 + av)ers + Yenr — ayers

and L™ le; = Eieri41 =0, etc.
Writing the solution for m; as 7y = a + A(L)e, and vy as v; = b+ ¢(L)ey, the equation for

inflation can be re-written as
{[1 + v+ py)]A(L) = [1 + B(1 + av) + o] L A(L) — ag]

+BL7?[A(L) — ag — a1 L]}er = ¢(L)ey

188



where b = ar*[v(1 — 8) + v(p — 1)]. Hence

B —(1+ B +av) +ay)Ljag + BLay + L*¢(L)
B—[1481+av)+ay]L+ 1+ a(v+ py)] L2’

A(L) = [
and the characteristic equation is
fL) =B =1+ +av) + L+ [1+a(v+uy)]L* = 0.

In general, there are two cases to consider: f(1) = a[v(1 —8) +~y(u—1)] 2 0. These two cases
largely reflect whether 2 1. If g > 1 (the Taylor rule sets p = 1.5) monetary policy responds

strongly to inflation; but if 4 < 1 then the monetary response is weak.

Case 1: f(1)=av(l1=08)+v(u—-1)]>0
We may assume this is because g > 1. In this case both roots are either stable or unstable.

Consider the product of the roots of f(L) = 0 which, normalizing the coefficient of L2, is m

As 1 > y > 0 the product of the roots is less than unity and positive. Hence they are

B
1+a(v+py

unstable. We denote the roots by 0 < 1y, n, < 1.

Using the method of residues gives for i = 1,2

=)
=
5
=
=

I

Lo, Llii?n[l+a(v—&-u’y)}(L—nl)(L_nz)A(L)

[8 = (1+ B+ av) + ay)nlao + Bnsar + 17 d(n;)

This gives two equations in the two unknowns ag and a;. Hence ap and a; are uniquely determined.

The solution for 7; can therefore be obtained as

1
Ve = v
© T T
1
- v
1+ a(v+py)] (L= L) (1 —nyL=1)
= 1 [ 771 - 7]2 ]Ut
1+ a(v+py))(ny —ny) 1 —n L7 1 —n,L~1
L h M2
= Y n'E s — YO S| '
1+ a(v + /j/y) [771 — 1y s=0T11 L Vt+ - a—0"2 tvt—l—s]
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The solution uses the value of v;. This is the first element of the right-hand side of the matrix
solution. For 7; the solution is

1
Ty ="+ ——-——[(1+av)er + ves — ayeR:].
t 1+o¢(v+,wy)[( ) t T Vext Y Rt]

Thus, average inflation equals the target rate. Hence a = 7*. Inflation deviates from target due
to the three shocks. Positive inflation and output shocks cause inflation to rise above target, but
positive interest rate shocks cause inflation to fall below target. We note that a forward-looking
Taylor rule in which E;my4; replaces m; and Fix.y1 replaces x; gives a similar result.

The basic solution for the output gap is the same as for ;. The difference is in the definition

of v;. (Or substitute for R; from the policy rule and for Fymy1 = 7*.) Consequently,

Ty = Et.’Et+1 — a(Rt —7* - 9) + et

= Fuxi —ap(my — ) — auuzy + ez — aepy

ap
= Fux — (14 av)eys + ver — ave — QUUIT: + €4 — Qe
tTt+1 l—l—oz(v—l—,wy)[( Jert + Vext Yer] HUZ¢ t Rt
1 1
= —FEuxx — ———————(peqt + €yt — €Rt).
1+ o tLt+1 l—l—oz(v—l-,wy)( HEmt t Rt)

Solving forwards gives the solution for z; as

1

————————(uert + €zt — €Re)-
1+O¢(U+m)(ﬂ e+ e — emr)

Ty =

Hence the expected output gap is zero.

Case 2: f()=alv(1-B)+v(r—-1)] <0
This is probably because p < 1. It implies a saddlepath solution with the roots of f(L) =0
on each side of unity. Let n; > 1 and 1y < 1. Applying the method of residuals, we have one

restriction associated with 7, which is given by
Jim f(L)A(L) = lim (L —ny)(L ;) A(L)
—1q L4>’r]2

= [B— 1+ B(1+ av) + ay)nylag + Bnyar + n30(n,)
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It follows that we have only one equation and two unknowns: ag, a;. The solution is therefore
indeterminate.

Noting that
FLAL) = [B = (1+ B(1 + av) + ay)L]ag + BLay + L*¢(L),
and that

f(L) = B—[1+8(1+av)+ay]L+ 1+ afv+ wy)]L?

[T+ v+ py)](L = ny)(L = ny)

—u+aw+uwmwa—§yM1—%L*x

it follows that

1 _ [B-(+801+av) +ay)L]ag + BLay + L?$(L)
(= A T+ a(o+ 70 L0 =L D) '

Subtracting [8 — (1 + B(1 + av) + ay)nylao + Bnyar + niéd(ny) = 0 from the numerator and

simplifying gives

1 _lacay(L —ny) + a1 B(L —ny) + L*$(L) = n39(n)
a M DaAlLe = 1+ a(v+py)n L1 —n, L71) o
_ 1 anc a L2¢(L) — 772¢(772)
R T TR i ey
_ 1 lagary + a1 8 + Malns 'L —141— 772¢(772)L_1¢(L)_1]¢(L)]6t

1+ a(v+ py)lm 1 —nyL~t

1
- - Y 08 Eyvpgs).
T alo 1 o), (2007 + 182t = vy + 12X Zomz Brvees]

As iy = a+ A(L)ey,

v = b+ o(L)e
b = ap—v1")=ar"v(l—pF)—1]
d(L)er = (1+av)eq +vex — avery,
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the solution for 7; is

1 1
—a = —(m1—a)— — (v — b) + 0y X S B (V45 — b
T —a m (mi—1 —a) TECET [(aoay + a1B)er — (vi — b) + X2 g5 By (Ve )
1 1 —apay —ai18 — 1,
= —(m_1—a)+ 1+ av)exs + verr — ayery].
m(tl ) U+a@+uwM1K Jent ! !

Thus, under the rule, the effect of shocks on m; is indeterminate. It can also be shown that

*

Eﬂ't:a:%:ﬂ' .

Hence 7 is generated by the AR(1) process

ﬂ_t_ﬂ_*:i(ﬂ_t 1_7_[_*)_'_ 1_0400[’7_0'15_772
m 1+ a(v+ py)m

(14 av)eqrt + vers — avery].

Thus, in this case, inflation is more persistent than in the previous case.

(c) If the shocks are uncorrelated the variance of inflation in the two cases are

Case 1:

1

Vo) S et e

[(1+ av)?o + 7707 + (an) 0],

where 0? (i = 7, z, R) are the variances of the shocks.

Case 2:

1 1—apay —aiB—ny |

Var(ms) =
) = T T r el T i)

[(1+ av)?o2 + %02 + (ay)0F).

In Case 1, as p — oo, the variance of inflation goes to zero; and, for any finite value of u, as
v — 0 the variance of inflation decreases. This suggests that if the policy objective is to minimise
the variation of inflation about the target level 7* - which is equivalent to minimising the variance
of inflation as Em; = 7* - then strict inflation targeting (v = 0) is preferable to flexible inflation

targeting (v > 0).

(d) There has been a debate about whether the "great moderation" of the 2000’s was due to

good policy or good luck. Our results indicate that good policy requires that ¢ > 1 and that there
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are no shocks to the policy equation so that 0% = 0. Good luck is when the variances of inflation
and the output gap (02 and 02) are small.

We also recall that in this model another advantage of a strong monetary policy response to
inflation is that inflation is not then persistent. In other words, inflation responds quickly to

monetary policy.

13.6. Consider the following model of Broadbent and Barro (1997):

yr = opr — Ei1pt) + e
di = —fBrite
my = Y t+pr— ARy

re = IRy— EtApt—l—l

Yy = dy,

where e; and &; are zero-mean mutually and serially correlated shocks.
(a) Derive the solution to the model
(i) under money supply targeting,
(ii) inflation targeting,
(b) Derive the optimal money supply rule if monetary policy minimizes Ey(psy1 — FEipii1)?
subject to the model of the economy.
(c) What does this policy imply for inflation and the nominal interest rate?
(d) Derive the optimal interest rate rule.
(e) How would these optimal policies differ if monetary policy was based on targeting inflation

instead of the price level?

Solution

(a) (i) Money supply targeting
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The money supply m; is exogenous. The model can be reduced to one equation for the price

level

1
P BN FaB+ N

BAE i1 + (B 4+ N)Er—1pe — By + (B + Ner — Aey]

If p, = A(L)E, where &, = —f8my; + (8 + N)er — Aey then the equation may be re-written as

_ L _ -1 _

AL = Syt A = o) + a8+ VAL - ao] + 1),

Hence
N ﬁ)\ — [1 — GJ()Oé(ﬁ + )\)]L
AL) = BAN—=B(1+NL
Since the root L = 1_%\ < 1 we have an unstable solution. Using the method of residues
lim [BA— B(1+ AN)LJA(L) = A — [1 — apa(B + )\)]L =0
hence
o — 1-81+XN)
T a(B+ )

It then follows that A(L) = 1. Thus the solution is
pr = —Bmy + (B + Ner — Aey.

(ii) Inflation targeting
The interest rate R; is now exogenous. The money demand equation can be ignored and the

rest of the model can be reduced to
1 1
Dt = éEtptH + Ei1p — éRt — —e; + —¢&¢.
« Q@ a «
If p; = A(L)¢, where &, = —gRt — Le; + Lgy, then the equation may be re-written as
[A(L) = ag) L™ '] + [A(L) — ag] + 1}&,.

Hence




The solution is therefore
1—a
pt = aoy — Toftﬂa

which is indeterminate.

(b) The optimal money supply rule is obtained by minimizing E;(psy1 — Eipes1)? subject to

pr = —Pmy+ (B+ Ner — Aep. As
Pey1 — Eipryr = /B(mt+1 - Etmt+1) + (,6 + )\)et_,_l — >\5t+17

optimal monetary policy would be to offset the shocks so that

B4+ A
M1 — Eymyypr = _TeHl + BEtJrl-

However, as these shocks are unknown at time ¢, the optimal monetary policy is to keep the money
supply constant when Ey¢(ps1—Epi41) = 0. If the shocks are uncorrelated the conditional variance

of inflation is

+ 2\ A\
Ei(prs1 — Eipr)® = (—6 ) ol + (—) o2,

(c) Inflation is then

pr=—Pm~+ (B+ Ner — Aey
and the interest rate is

« 1 1
E(pt — Bt 1pt) — et + —=ey

g B
_ _1—|—a(ﬂ,@’+)\)et+1—|—ﬂa)\gt.

R = EtApt-i-l_

(d) The optimal interest rate rule is obtained by minimizing Ey(ps 11 — Eipi11)? subject to

1—0,0

Pt = aoft_Tft—l

1—@0

a a
—aoéRt + Ryy — —ep + —ep +
o o o
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Hence

B ag ao
Pey1 — Eiprr = _GOE(RtJrl —ERi1) — - Gt + - EttL

Optimal monetary policy would be to offset the shocks so that

1 1
Rip1 —ERy 1 = ——epp1 + -1

B B

As these shocks are unknown at time ¢, if the shocks are uncorrelated, the optimal monetary

policy is to keep the nominal interest rate constant when

2 _ (%o 2, 2
Ei(pt+1 — Eiprya1) —(g) (o7 +07).

(d) Under inflation targeting the equivalent objective function would be

Ef(Apiy1 — ExApii1)? = Ey(pr1 — Erpryr)?

and so policy would be unchanged.

13.7. Suppose that a monetary authority is a strict inflation targeter attempting to minimize

E(my — 7)? subject to the following model of the economy
e = Ry + 2 + ey,

where oy = a + ¢4, E(2t) = 2+ €, and 44 and €,; are random measurement errors of o and z,
respectively; €.t, €.+ and e; are mutually and independently distributed random variables with
zero means and variances o2, 02 and o2.
(a) What is the optimal monetary policy
(1) in the absence of measurement errors,
(ii) in the presence of measurement errors?

(b) What are broader implications of these results for monetary policy?

Solution
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(a) Inflation is determined by

m=(a+ea)Re+ 2+ e+ e

(i) In the absence of measurement errors this becomes

T = Ry + 2 + ey.

The objective function can then be re-written as

E(my —7*)? = E[aR;+2z+e — )

= [aRi+2z— 7" + 02

e-

Minimizing this with respect to R; gives

2a(aRy +z — ") =0,

or

Rt = —(’IT»< - Z)
(ii) In the presence of measurement errors
E(ry—7*)? = E[(a+¢cat)Ri+2+e+e —*]?

= [aR+z— 72 +02R} + 02+ 2.
Minimizing this with respect to R; gives

2a(aR; + z — %) + 202 Ry = 0.

Hence,

!
Rt - Oé2+U2 (ﬂ-*iz)
[e3%
1
< E(TF*—Z) as 1 2z
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(b) These results show that optimal monetary policy does not respond to either shocks or
measurement errors, but only to the mean of z;. However, the presence of measurement errors in

the coefficient of R; tends to reduce the absolute size of the monetary response.

13.8. A highly stylized model of an open economy is

Pt = opi1+0(se —pr)

St = Rt+Rt+1,

where p; is the price level, s; is the exchange rate and R; is the nominal interest rate. Suppose

that monetary policy aims to choose R; and R;y; to minimize

L= (p; —p*)? + Bprt1 — p*)* + (R — RY)?,

where p;_1 = Ry12 = 0.

(a) Find the time consistent solutions for R; and R;y;. (Hint: first find Ry taking R; as
given.)

(b) Find the optimal solution by optimizing simultaneously with respect to R; and Ryi1.

(¢) Compare the two solutions and the significance of ~.

Solution

(a) The price level is determined by

« 0
pro= Toghtt + 1_+0<Rt + Rit1)
0
= 1—+0(Rt + Riy1).

The loss function can therefore be re-written as

0 0
L=[——(Ri+ Riy1) —p PP+ B[Ry +

_*]2 _ p*\2
7 57 Ri+ Rip1) —p*]° + (R, — R")*.

ab
arop'
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Minimizing this with respect to R4 taking p; and R; as given yields

oL o . 0
= 2—_ —_p*
R T8 1 g T i) —P7]
128 = R+ = (R, 4 Re)— ]
116" 116 116 T gt Ty TP
__—
Hence,
1+ 1951+ 155) 21+6) +a
R _ + -+ R *
tH1 [ I e pray e
= —uRt—i—(Sp*

Next maximize L with respect to R; and R;;1 subject to this solution for R;;; as a constraint

with Lagrange multiplier A\. The first-order conditions are

oL 0 0
—— = A4+2——[—(Rs+ R —p*
OR 1 + 1+0[1+9( 0+ Buga) = p7]
0 «a 0 ab
+28 (1+ Ry + Rit1) — p]

1+6 1+0)[1+0R”1+(1+0)2<

= 0,

and

oL 0 9 .
or, — gl et e =
¢ « af . §
= 0.
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Hence,

(7)1t 1202 () w5041z 1
(129) 4 B0+ 129)13] v+ (1) 1480+ 12p)rs]
L 1 - 0]
- 1o 21+ 0)+a | | R*
7 (1) L4 B0+ =) || v
0 6

from which R;y; and R; can be solved.

(b) Maximizing L with respect to Ry11 and R; gives

oL 06 0 .
R 2?[m(3t+Rt+1)—P]
to— 1 = m =Y (R4 Ry -]
1+0° 1+ T+0 T @rept T Y TP
and
oL 0 0
/= - 9L 7 -
o, 1+6[1+9(Rt+Rt+1) P’
0 « ab
2 1 —p* 2 — R*
+/31+0( +1+9)[(1+9)2(Rt+3t+1) Pl +2v(R — RY)
= 0.
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Hence,

tr ) L igg(tge) | | Ben
0 2 0 2
() 180+ 5] v+ () B0+ e | | R
= |0 2(1+6) + o R*
2
v () s gl | |

From which R;;; and R; can be solved.

(¢) Due to the constraint the two solutions will be different. Only if A =0 - i.e. the constraint

is ignored - are they the same. It follows that the second solution is not time consistent.

13.9. Consider the following model of an open economy:

T = p+ BEm 1+ T + eny
Ty = *Oé(Rt — Etﬂt+1 — 9) + ¢(St +pf - pt) + €t
Asip1 = Ry — Rp + e,

where e, e;: and ey are mean zero mutually and serially independent shocks to inflation, output
and the exchange rate.

(a) Derive the long-run solution making any additional assumptions thought necessary.

(b) Derive the short-run solution for inflation

(c) Each period monetary policy is set to minimize Ey(m;y1 — 7*)2, where 7* is the long-run
solution for 7, on the assumption that the interest rate chosen will remain unaltered indefinitely

and the foreign interest rate and price level will remain unchanged. Find the optimal value of R;.

Solution
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(a) Assuming there is a unique solution, and that in the long-run PPP holds, the long-run

solution is

p = s+p°

B o L - B
l-ay=8 l1l-ay-p

z = —a(R—m-0).

In order for the long-run output gap to be zero we need the additional assumption that 7 = R* —8.

It then follows that m = £~

13"

(b) The model may be written in matrix form as

or

1-L-B(L™'—1) —y 0 p | = po| +

p+a(lL™t—1) 1 -9 Ty —a(Ry — 0) + op;

0 0 L7t-1 St R, — R}

The inverse of A(L) is

where

L1-1 (L7t —1)

(L =D@—a+tal™) (L7'=1)[1-v(¢—a+al™)
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v
—¢(1+pB—L—pBL™)

0 0 1+8+v(p—a)— L+ (ay—p)L7 1!




and

det A(L) = (L7'=1)(1+B+~(¢p—0a)—L+ (ay—p)L7Y

—L2A—-L{L* -1+ B8+~(¢— )L+ (B—ay)}

— —L71-D)f(D).

As f(1) = —y¢, one of its roots is greater than unity and one less than unity. Hence we may write

the roots of (1 — L)f(L) as Ay > 1, Ao < 1 and 1. Tt follows that the solution to the model is
(1= L)1 =AM L)1 — XL Yz, = AT LB(L) (wy + ey).
The solution for inflation is therefore
Teo= A1+ AT ESR M —ar Ry + (et 8)Repj 1 — vOR) 1 + 10 AD;;
FAer iy + A 11 j + VPEs 1 45-1]
= AT F AT EER {0y —v(a+ ¢)ho] Riyy — 16R;
FYOAD; AT V(@ + )R + AT (L = A)en — AT Ter i1

FATY(L = Ao)ewr — AT ver 1 + AT yddaes s + AT ydes o1

(c) If EyRy4; = Ry, then inflation is generated by an equation of the form

o= AL o1 — A= X2) Hay — (e + @)Ae] Ry + AT y(a+ @) R
—&-)\flEtE‘;‘;o)\éij +
= AN 'mi1— 1R +vRi_1 + q + uy,
where
@ = M'EXZ Mz,
w = —Y9R{ +70Ap]
Uy = /\fl(l — A2)ent — )\flew,t—l + Aflv(l — Aa2)eyt — Af17€z,t—1 + Af17¢/\2€s,t + /\fl’be@S,Fl-
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Hence, if ¢:41 is treated as a constant g,

Tip1 = )\1_17Tt —NRi1 + VR + Grg1 + w1

)\l_lﬂ't —(n—v)Re + q+ up1

= W+ Uy,
where
wy = /\1_17rt —(n—v)Ri+q.

It follows that
Ey(mig1 — )% = (wy — 1) 4 0% — 2207 E{m = Ay Tene — AL M eae + AL Tge, ]}

As the last two terms do not involve Ry, the optimal value of R; is

B )\1_17rt—|—q—77*

Be===0=

Thus, an increase in current inflation, or in current and expected future foreign interest rates, or
the foreign price level, would require a higher domestic interest rate, but temporary shocks would

have no effect.
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Chapter 14

14.1. Consider a variant on the basic real business cycle model. The economy is assumed to

s} 1—0o
maximize E; ) 3*“4—— subject to
s=0

Y = Tt
ye = AkP
Ak = iy — Ok
InA; = plnd; 1 +e,

where y; is output, ¢; is consumption, i; is investment, k; is the capital stock, A; is technical
progress and e; ~ 4.i.d(0, w?).
(a) Derive
(i) the optimal short-run solution,
(ii) the steady-state solution,
(ii) a log-linearization to the short-run solution about its steady state in lnc¢; — Inc and
Ink; — Ink, where Inc and In k are the steady-state values of In¢; and In k.
(b) If, in practice, output, consumption and capital are non-stationary I(1) variables,
(i) comment on why this model is not a useful specification.
(ii) Suggest a simple re-specification of the model that would improve its usefulness.
(¢) In practice, output, consumption and capital also have independent sources of random
variation.
(i) Why is this not compatible with this model?

(ii) Suggest possible ways in which the model might be re-specified to achieve this.

Solution

(a) (i) The economy’s resource constraint is

Atkta =ct + kt+1 - (1 - (S)kt
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As technological change makes the problem stochastic, we maximize the value function

Vi = Uler) + BE(Vita)

ctl—a

= 7 + BE(Vig1),
— g

subject to the resource constraint. The first-order conditions for this stochastic dynamic pro-

gramming problem are

ovy  _ OViy1 Ociy
=7 4 BE [ T — .
8ct “ +5 t[aCt+1 8ct ]

Noting that

Vig1 = U(Ciq1) + BE41(Viga),

and hence
8‘/t+1 —cC
= Ct1s
3Ct+1 *
and that
3Ct+1
8Ct+1 _ 6kt+1
80 - _Oct ?
t Ok

from the budget constraints for periods ¢ and ¢t + 1, we can show that

8Ct+1

—1
act = aAt+1kf+1 + 1 — (5

Hence
oV, —o —o —
a—cz = 7+ BE ey - adepkn +1-6] =0.

This gives the Euler equation

E 6(—+) (@A ke +1-8)| =1.

Ct

The optimal short-run solution to the model is the Euler equation plus the economy’s resource

constraint.

In deriving the solution to the model it is usual in RBC analysis to invoke certainty equivalence.

This allows all random variables to be replaced by their conditional expectations. In the Euler
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equation, strictly we should take account of the conditional covariance terms involving c;y1, kiy1

and Z;41 and, in particular, covi(cey1, kit1)-

(ii) The steady-state solution - assuming it exists - satisfies Acyy; = Ak =0 and Ay = 1

for each time period. Hence we can drop the time subscript in the steady state to obtain
Blak* ' +1-6] = 1.

As shown in Chapters 2 and 3, this implies that in equilibrium

E o~ <6+0>1—a
(67

¢ = k% —=Ik.
We also note that the implied real interest rate is
ry = ak® ! =6,
and so in equilibrium r = 6, which is the required condition for a steady-state solution.

(iii) The optimal short-run solution to the model is a non-linear system of equations in two
endogenous variables ¢; and k;. A log-linear approximation to this system is obtained using the
result that the function f(z:) can be approximated about z} as a linear relation in In z; by taking

a first-order Taylor series approximation of

so that

[lnz; — Inaj].
This approximation can be generalised to f(z1t,..., Tnt) as

fz'/(mftv ) x:;t)x;kt

In f(z1ty ooy Tnt) = In faly, .oy zr,) + X0 - -
1 K ! f($1t""vxnt)

nz; —Inal).
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Omitting the intercept, invoking certainty equivalence, noting that F;In A;11 = pln A; and in

equilibrium In A = 0, the log-linear approximation to the Euler equation can be shown to be

EtAlnCt+1 ~ — plIlAt.

WEtlnkt+l+

(0+6)

Omitting the intercept once again, the log-linearized resource constraint is

(6+0)p

Mlnct—i—(l—l—Q)lnkt—i—ilnAt
o

In kt+1 ~ —

These two equations form a system linear in In¢; and Ink;, from which the solution for each

variable may be obtained.

(b) (i) In the above solution output, consumption and capital are stationary I(0) variables but

in practice they are non-stationary I(1) variables. This alone implies that the model is misspecified.

(ii) A simple way to re-specify the model so that these variables are I(1) is to assume that
technical progress is non-stationary, instead of stationary as at present. This can be achieved
by setting p = 1. This assumption is sufficient to account for the non-stationarity of all real
macroeconomic variables in the economy. It is, in effect, a common non-stationary stochastic
shock. It does not, of course, explain why technical progress has this property. An extra source
of non-stationarity in nominal macro variables is often assumed to come from the growth of the
money supply. In countries where there is sustained population growth, for a time, this may

generate an additional source of non-stationarity to all real macro variables.

(¢) (i) In the model above output, consumption and capital have a single source of randomness,
namely, technical progress. This implies that they are perfectly correlated. In practice, we find
that they are highly, but not perfectly, correlated and are cointegrated. This implies that each
variable must have a separate, or idiosyncratic, but stationary, source of randomness, but they

have just the one non-stationary common stochastic shock.

(ii) Identifying what these additional sources of randomness are is a major feature in DSGE

model building, especially where the aim is to estimate the model. A simple, and obvious, solution
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is to assume that all variables are measured with error, but the orders of magnitude of the required
measurement errors make this somewhat implausible. Examples of other sources of randomnesss
include preference shocks, additional independent stationary shocks to the production function,
shocks due to obsolesence, independent shocks to the labour supply, price and wage setting shocks
perhaps reflecting variable markups, shocks to government expenditures and revenues, domestic

monetary shocks, foreign demand, price and interest rate shocks and exchange rate shocks.

14.2 After (log-) linearization all DSGE models can be written in the form
B0$t = BlEt$t+1 + BQZt.

If there are lags in the model, then the equation will be in companion form and z; and z; will be

long (state) vectors. And if By is invertible then the DSGE model can also be written as
e = A1 B + Aoz,

where A; = By 'B; and Ay = By ' By.

(a) Show that the model in Exercise 14.1 can be written in this way.

(b) Hence show that the solution can be written as a vector autoregressive-moving average
(VARMA) model.

(c) Hence comment on the effect of a technology shock.

Solution
(a) The log-linear approximation to the short-run solution of Exercise 14.1 can be written in

matrix form as the system

146 —8+(1=a)d In kt 1 0 In kt+1 (5+6)p
“ = Et — “ In At.
0 1 Inc; W 1 Inciqq @

This may be denoted by the matrix equation

Boxy = BiEiwi 1 + Baz,
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where X; = (Inky, Inc;)’ and Z; = 1In A;. As By is invertible, the system can also be written as
ry = AEBizi 41 + Cz,

where A = Bo_lBl and C = Bo_lBg.

(b) To show that the system can be written as a VAR we must first examine its dynamic
properties. Introducing the lag operator and recalling that Fx;,q = L~ 'xz;, the system can be
written as

(I — AL_I).'Et = CZt.

The dynamic solution of this equation depends on the roots of the determinental equation
|A| = (trA)L + L? = 0.

There are two roots. Setting L = 1 gives three cases:

(i) |A|— (trA) + 1 > 0 implies both roots are either stable or unstable,

(ii) |A| — (trA) + 1 < 0 implies a saddlepath solution (one root is stable and the other is
unstable),

(iii) |A| = (trA)+ 1 =0 then at least one root is 1.

Assuming that ¢ > « + 2 - a sufficient but not necessary condition - it can be shown that

[0+ (1 — a)§) =)

o(140) <0

A — (trd) +1=—

Thus, the two roots satisfy n; > 1 and 1, < 1, and so the short-run dynamics about the steady-

state growth path follow a saddlepath. The system can be written as

1 .
(1 — U_L)(l — 772L_1):vt = adj(A — L)Cz.
1
Hence,
1 1

v =—xt 1 +—(1—nyL ) radj(A - L)Cz.
M M
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Recalling that z; =Iln A; = pln A;_1 + e; and Eyln Ay s = p® In Ay, we can re-write this as

1
Ty = n—$t_1 + Go In At + G1 In At—la
1

or

1
Ty =(—+p)Te_1 — £$t72 + Goer + Gre—1,
m M1

which is a VARMA(2,1) in 2.

(c) It follows that a technology shock e; will cause a disturbance to equilibrium and that the
system will return to equilibrium at a speed dependent on 7, and p. The closer is p to unity, the

slower the return to equilibrium. If p = 1 then the solution would take the form
1
Az = n—A.’Et_l + Goer + Grei—1.
1

The shock would then have a permanent effect on z; and solution would be a VARIMA(1,1,1).

14.3. Consider the real business cycle model defined in terms of the same variables as in

Exercise 14.1 with the addition of employment, n;:

U = By A e
Yy =t
gy o= Aking
Akpir = iy — Ok,
InA; = plnA;_ 1+ ey,

where e; ~ i.i.d(0, w?).
(a) Derive the optimal solution
(b) Hence find the steady-state solution.

(c¢) Log-linearize the solution about its steady state to obtain the short-run solution.
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(d) What is the implied dynamic behavior of the real wage and the real interest rate?

Solution

(a) The economy’s resource constraint is
Atkf‘nif’l =c + kt+1 — (1 — (S)kt
The problem is to maximize the value function

Vi = Uler) + BE(Vigr)

1— 1—
Ciys  © Nits ¢

-0 "1-6

+ BE(Vig1)

subject to the resource constraint. Noting the results in Exercise 14.1, the first-order conditions

are
ovy _ 11
e ¢t 7 = BE[ci - aAt+1k?+11”%+1a +1-0]=0
and
IV, _ IV, on
L= ¢4 BE [ =
ony ant+1 ony
with
WVir1 _ ¢
ant+1 t+1°
From the resource constraint
on
Ongi1 _ ak:ﬁ
- 2]
8nt 6k?+t1

oA kg g Y H1-6
(A=) Ary1 kb  ng

[(1 = ) Agkin, ]

A [e3% [e4
= Akl - (2] (T

At+1 ktJrl T
giving
P . L B A, B \* (ni1\”
It — BE Ak G+1-4 0
on, BE{n 1 [ade ki angd + ]At+1 ki1 i }
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Hence the solution is

c - 1 1-o
E, B (7;——:1) (@A ny i +1 - 6)] =1
Ay ke \“( e \*7° a-1_1-a
E; ﬂA A (aAt+1kt+1 Ny + 1-— 6) =1
t+1 t+1 Ni41

plus the economy’s resource constraint.

Note that this result appears to be different from that in Chapter 2 as here we are taking
account of the stochastic structure of the problem and therefore using stochastic dynamic pro-
gramming. The second equation is an Euler equation for employment. If combined with the Euler

equation for consumption it would give a similar result to that in Chapter 2.

(b) The steady-state solution - assuming it exists - satisfies Acyy1 = Ak = Angyr = 0 and
A; = 1 for each time period. Hence we can drop the time subscript in the steady state to obtain
from both equations above

Blak* Intm* 1 -6 = 1.

In equilibrium therefore

ko (5r0\
n !
B\ k
- (e
n n n
This shows that we can only determine the long-run values of = and %

(¢) Omitting the intercept, invoking certainty equivalence, noting that F;In A; 1 = pln A; and

in equilibrium In A = 0, the log-linear approximation to the above solution is

1—
EtA In Ct+1 = —W(Et In ]{It+1 - Et In nt+1) + @ In At
a 0+6)(1—a 540
EiAlnng, =~ —¢ — aEtAhlkt-i-l + %(Et Inkiy; — Erlnngiq) — % In A;

together with the log-linearized resource constraint

0+ (1—a) (0+0)

Ine; + (14 60)Ink; + lnnt—l——plnAt.
a

Inkyyq ~ — W
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These three equations form a system linear in Inc¢;, Ink; and Inn; from which the short-run
solution for each variable may be obtained. The resulting system can now be represented as a

VARMA model in the three variables.

(d) From Chapter 2, the implied real interest rate and real wage are

, = QU _
k Ok,
—(1-a)
= OéAt <ﬁ) — (5
ny
oy — (e +0)ky
wy =

S

Their dynamic behavior can therefore be derived directly from that of Z—i of Ink; — Inng.

14.4 For a log-linearized version of the model of Exercise 14.1 write a Dynare program to
compute the effect of an unanticipated temporary technology shock on the logarithms of output,
consumption and capital and the implied real interest rate assuming that o = 0.33, § = 0.1, 0 = 4,

0 = 0.05, p = 0.5 and the variance of the technology shock e; is zero.

Notes:

(i) Dynare runs in both Matlab and Gauss and is freely downloadable from http://www.dynare.org/

(ii) Dynare uses a different dating convention. It dates non-jump variables like the capital

stock at the end and not the start of the period, i.e. as t — 1 and not ¢.

Solution
The different dating convention of Dynare implies the solution of Exercise 14.1 must be re-dated

as

At ?_1 = Ct + kt — (1 — (5)/{1,5_1

Ey

B <%) (aAt+1k?_1 +1-— (5) = 1

Ct
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The log-linear approximation to this model is

1—
EtAhl Ct+1 = *ij} In kt + (6 + 0) In At+1
1—
Ik, ~ _wlnct—l—(l—l—ﬁ)lnkﬁl—&—(Sze)lnAt
InA; = plnAy 1 +e

The real interest rate is

T = aAtk;(%_a) — 4.

We define the variables as log deviations from their steady state, hence their initial values are set

to zero. The Dynare program is

% Ex14.4

close all;

% variables
%
vary c k ar;
varexo e;
%

% parameters

parameters delta theta alpha sigma rho;
alpha=0.33;

theta=0.05;

sigma= 4;

delta=0.1;

rho=0.5;
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%

% model

model;
c=c(+1)+((delta+theta)*(1-alpha)/sigma)*k-((delta+theta)/sigma)*a(+1);
k=-((theta+delta*(1-alpha))/alpha)*c+(1+theta)*k(-1)+((delta+theta) /alpha)*a;
y=alpha*k(-1)+a;

a=rho*a(-1)+e;

r=alpha*a*exp((alpha-1)*k(-1));

end;

% -

% initial values of variables

% -

initval;

end;
steady;
%

% values of lagged variables
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shocks;
var e;
periods 1;
values 1;

end;

simul (periods=40);

rplot y ¢ k 1;

The impulse response functions, which are cut off after 40 periods and forced to converge to

their steady-state, are
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Plat ofyckr

14.5 For the model of Exercise 14.1 write a Dynare program to compute the effect of a tempo-
rary technology shock assuming that o = 0.33, § = 0.1, 0 =4, 6 = 0.05, p = 0.5 and the variance
of the technology shock e; is unity. Plot the impulse response functions for output, consumption,

capital and the real interest rate.

Solution
The different dating convention of Dynare implies the solution of Exercise 14.1 must be re-dated

as

At ta—l = ¢+ k’t — (1 — 6)]@15_1

Ey

5(“—“) (A kP41 -0)| = 1

Ct
We must then add the equation

InAs =pln A1 + e
Finally, we recall that the real interest rate is
re = adk; 5T — 6.
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The initial and steady-state values are calculated from the parameter values. Thus, A = 1,

1
k= (5—9) “=! 'y =k and ¢ = y — dk. The Dynare program is then

[e3

% Ex14.5

close all;

vary c k a 1;

varexo e;

parameters delta theta alpha sigma rho;
alpha=0.33;

theta=0.05;

sigma= 4;

delta=0.1;

rho=0.5;

%

model;
c=c(+1)*(((alpha*a(+1)*(k~ (alpha-1))+1-delta)/(1+theta)) " (-1/sigma));
y=a*(k(-1)"alpha);

k=y-c+(1-delta)*k(-1);
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In(a)=rho"~In(a(-1))+e;
r=alpha*a*(k(-1)" (alpha-1));
end;

% -

% initial values of variables

% -

initval;
k=3.244;

c=1.15;

end;
steady;
%

% values of lagged variables

shocks;
var e;

periods 1;
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values 1;

end;

simul (periods=20);

rplot y ¢ k 1;

The impulse response functions are

-y

i S

14.6. For the model of Exercise 14.5 write a Dynare program for a stochastic simulation which

calculates the means, variances, cross correlations and autocorrelations.

Solution

The Dynare program is

% Ex14.6
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close all;

vary c k ar;

varexo e;

% parameters

L

parameters delta theta alpha sigma rho;
alpha=0.33;

theta=0.05;

sigma= 4;

delta=0.1;

rho=0.5;

model;

c=c(+1)*(((alpha*a(+1)* (k" (alpha-1))+1-delta) / (1 +theta)) ~ (-1/sigma));
y=a*(k(-1)"alpha);

k=y-c+(1-delta)*¥k(-1);

In(a)=rho"In(a(-1))+e;

r=alpha*a*(k(-1)"~ (alpha-1));

end;

% -
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% initial values of variables

% -

initval;
k=3.244;

c=1.15;

%
histval;
k(0)=3.244;
a(0)=1;

end;

%

% shocks
%
shocks;

var e = 1;

end;

steady;

stoch _simul(order = 1);

The output is
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THEORETICAL MOMENTS

VARIABLE MEAN STD. DEV. VARIANCE
y 3.8395 4.2289 17.8835

c 2.9948 0.8383 0.7028

k 8.4469 6.9681 48.5540

a 1.8987 2.1196 4.4926

r 0.1500 0.1995  0.0398

MATRIX OF CORRELATIONS
Variablesy ¢ k a r

y 1.0000 0.5035 0.6080 0.9700 0.7856
¢ 0.5035 1.0000 0.9921 0.2782 -0.1391
k 0.6080 0.9921 1.0000 0.3966 -0.0136
a 0.9700 0.2782 0.3966 1.0000 0.9125

r 0.7856 -0.1391 -0.0136 0.9125 1.0000

COEFFICIENTS OF AUTOCORRELATION
Order 12345
y -0.2866 0.2746 0.0152 0.1212 0.0655

0.9124 0.8599 0.7980 0.7460 0.6949

o

k 0.8337 0.8215 0.7466 0.7050 0.6536
a -0.4444 0.1975 -0.0878 0.0390 -0.0173

r -0.3347 0.2511 -0.0162 0.0962 0.0403

The responses to the shock are
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14.7 (a) Consider the New Keynesian model

m = 7 a(Eymipr — 1) + B(mi—1 — 1) + 0z + et

vy = By — (R — Eymepr — 0) + et

R 047" 4 p(my — %) 4+ vy,

where m; is inflation, 7* is target inflation, z; is the output gap, R; is the nominal interest rate,
ext and e, are independent, shocks.ean iid processes and ¢ = (1 — )7*. Write a Dynare program
to compute the effect of a supply shock in period ¢ such that e;; = —ez; = 5. Assume that 7% = 2,
a=06,a+p=1,0=1,y=5,0=3, u=15and v =1.

(b) Compare the monetary policy response to the increase in inflation compared with that of

a strict inflation targeter when v = 0.

Solution

(a) The Dynare program is

% Ex14.7
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% New Keynesian model with a Taylor rule
% The effect of a supply shock

close all;

% variables
S
var inf x R;
varexo €;
%

% parameters

parameters alpha beta delta theta mu nu;
alpha=0.6;

beta=1-alpha;

delta=1;

theta=>5;

mu=1.5;

nu=1;

model(linear);

inf = 2 + alpha*(inf(+1)-2) + beta*(inf(-1)-2) + delta*x + e;
x = x(+1) - theta*(R-inf(+1)-3)-¢;

R =5 4+ mu*(inf-2) + nu*x;

end;
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% initial values

initval;

inf=2;

histval;

inf(0)=2;

end;

% -

% shocks

shocks;
var e; periods 1; values 5;

end;

% computation
%

simul(periods=20);
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rplot inf x R;

(b) The impulse response functions for flexible and strict inflation targeting are

Plat ofinfx R Plot ofinfx R
6 ; ; 5 ; ;
5 . 4
af 1 3
3 1 2
2 . 1
1 . o
-
_ ] -1h “\‘
|
| _2,\‘ ‘\‘
||
] all | ]
inf | inf
||
- il R
I
_4 1 1 1 1 _5 v 1 1 1 1
0 5 10 15 0 7.3 0 5 10 15 0
Periods Periods
Flexible inflation targeting Strict inflation targeting

With flexible inflation targeting monetary policy hardly reacts to the increase in inflation. But
with strict inflation targeting monetary policy reacts strongly to offset the inflation shock leaving
inflation at its target value. As a result output falls more with strict inflation targeting than with

flexible inflation targeting.
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